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Abstract. We prove an integral version of the Schur-Weyl duality between 
the specialized Birman— Murakami- Wenzl algebra QS n (— g 2m + 1 , q) and the quan- 
tum algebra associated to the symplectic Lie algebra sp 2m . In particular, 
we deduce that this Schur-Weyl duality holds over arbitrary (commutative) 
ground rings, which answers a question of Lehrer and Zhang ( 38 ) in the sym- 
plectic case. As a byproduct, we show that, as a Z[q, q~ -"-J-algebra, the quan- 
tized coordinate algebra denned by Kashiwara in 34 (which was denoted by 
Aq(g) there) is isomorphic to the quantized coordinate algebra arising from a 
generalized Faddeev— Reshetikhin— Takhtajan construction (see 1231 . |29l . I47H . 
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1. Introduction 

Let m, n £ N. Let U(gl TO ) be the universal enveloping algebra of the general lin- 
ear Lie algebra g[ m (C) over Q. Let Uz(fll m ) be the Kostant Z-form ([57]) in U(g[ m ). 
For any commutative Z-algebra K, let LV(gt TO ) := Uz(flt m ) ®%K. The natural left 
action of U/f(g[ m ) on (if™)®™ commutes with the right place permutation action 
of the symmetric group algebra K& n . Let ifA, 4*A be the natural representations 

PA : (K6„)° p -> End K ((K m f n ), i> A : V K (sl m ) -> End K ((K m )® n ) , 

respectively. The well-known type A Schur-Weyl duality (see [7J, [9], [H], [26], [48], 
[4^] ) says that 

(a) <p A (K6 n ) =End U;f(B[m) ((^ m )®«), 

(b) ij A (\J K ( S l m )) =End Ke „((^ m )®"); 

(c) if K is an infinite field, then 

End VKiBlm) ((K m f n ) = End KGLm{K) ((K m )® n ), 

and the image of the group algebra KGL m (K) in Endx {{K m )® n ) also 
coincides with End K e n ((K m )® n ); 
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(d) if if is a field of characteristic 0, then there is an irreducible U#(fl[ m )- 
if 6„-bimodule decomposition 

(K m )® n = A A ®S A , 

A=(Ai,A 2 , •••)>-" 
£(\)<m 

where A\ (resp., S x ) denotes the irreducible left Uif(g[ m )-module (resp., 
irreducible right lf6 n -module) associated to A, A h n means A is a partition 
of n, and ^(A) denotes the largest integer i such that A^ ^ 0. 

There is a quantized version of the above type A Schur-Weyl duality. Let q be 
an indeterminate over Z. Let = Z[g,(7 _1 ] be the Laurent polynomial ring in 
q. Let UQ( g )(g[ TO ) be the quantized enveloping algebra of Ql m over Q(q) ([25], [52] . 
[33] ) . where q is the quantum parameter. Let V^(2l m ) be the Lusztig's ^/-form 
([10]) in UQ( 9 )(flI m ). Let J^(6 n ) be the Iwahori-Hecke algebra associated to the 
symmetric group &„, defined over stf and with parameter q. By definition, J^(@ n ) 
is generated by Tf, ■ ■ ■ , T„_i which satisfy the well-known braid relations as well 
as the relation (TJ — q)(Ti + q^ 1 ) = 0, for % = 1, 2, • • • , n— 1. For any commutative 
.^-algebra if, we use £ to denote the natural image of q in if, and we define 
TMflL) := IMbU <8w if, ^(6„) := ^r(6„) «W if. Then, there is a left 
action of Uq( 9 ) (gi m ) on which quantizes the natural representation of gl m (C). 

Via the coproduct, we get an action of Vq( q ) (fjl m ) on (Q(g) m )® n . Furthermore, 
this action actually gives rise to an action of U^(g[ m ) on {si m )® n ( [20J ) . By base 
change, we get an action of V>k (flt m ) on {K m y& n for any commutative ^/-algebra 
if. There is also a right action of Mk{&ti) on (if™)®". Let <pA,ipA be the natural 
representations 

VA : (^(6„))° p -> End*((tf m )® n ), : Ux(fll m ) - End K ((if m )®"), 

respectively. Then by [2]. [215]. [2"T] and [55]. 

(a') ^(*(6„)) = End Ujf(flU ((if m )®"); 
(b') ^(UK-(flU) =End^ K(en )((if m )®"); 

(c') if if is a field of characteristic and £ is not a root of unity in if, then 
there is an irreducible Uif (g[ m )-J£Jf (6„)-bimodules decomposition 

(if™)®" = A A ® S x , 

A=(Ai,A 2 ,-)l-« 
l(\)<m 

where A> (resp., 5 A ) denotes the irreducible left U A (g[ m )-module (resp., 
irreducible right J^j<"(6„)-module) associated to A. 

The algebra End^( Sii ) ((if™)®") is called "g-Schur algebra", which forms an 
important class of quasi-hereditary algebra and has been extensively studied by 
Dipper-James and many other people. It plays an important role in the modular 
representation theory of finite groups of Lie type (cf. [TT], [22, EH)- The signifi- 
cance of the above results lies in that it provide a bridge between the representation 
theory of type A quantum groups and of type A Hecke algebras at an integral level. 
Note that in the semisimple case, the above Schur-Weyl duality follows easily from 
the complete reducibility. The difficult part lies in the non-semisimple case, where 
the surjectivity of (fA was established in [2T] by making use of Kazhdan-Lusztig 
bases of type A Hecke algebra, while the proof of the surjectivity of i/ja relies heav- 
ily on the amazing work of [2J, where the quantized enveloping algebra of gl m is 
realized as certain "limit" of g-Schur algebras. To the best of our knowledge, there 
is no alternative approach for this part. 
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A natural question arises: how about the Schur-Weyl dualities in other types? 
The answer is: there do exist Schur-Weyl dualities in types B, C, D in semisimple 
case (for both classical and quantized versions). However, it is an open question 
(see [29] Page80, Linel], (38J, Abstract]) whether or not these Schur-Weyl dualities 
hold in an integral or characteristic free setting (like the type A situation). 

The purpose of this paper is to give an affirmative answer to the above open 
question in the quantized type C case. That is, we shall prove an integral version 
of quantized type C Schur-Weyl duality. Note that there is no counterpart in type 
C of the work [2] in the literature. It turns out that our approach provides a new 
and general framework to prove integral Schur-Weyl dualities for all classical types. 
Before stating the main results in this paper, we first recall the known results for 
the classical type C Schur-Weyl duality. Let K be an infinite field. Let V be a 2m- 
dimcnsional if-linear space equipped with a skew bilinear form (,). Let GSp(V) 
(resp., Sp{V)) be the symplectic similitude group (resp., the symplectic group) on 
V ([IS], EH])- For any integer i with 1 < i < 2m, set i' :— 2m + 1 — i. We fix an 
ordered basis {vi, t>2, • • ■ , «2m} of V such that 

(vi,Vj) = = (vv, Vj>), (vi,Vf) = 5ij = -(vf,Vi), Vl<jj'<m. 

Let Q5„(— 2m) be the specialized Brauer algebra over K . This algebra contains the 
group algebra K& n as a subalgebra. There is a right action of 23„(— 2m) on V® n 
which extends the sign permutation action of & n . We refer the reader to [TO] for 
definitions of 25„(— 2m) and its action. Let ipc^C be the natural representations 

V c ■ ( s B„(-2m))°P -» End K {V® n ), yj c ; KGSp(V) -> End K (V® n ), 

respectively. 

Theorem 1.1. (0, g], [5]) 

(1) The natural left action of GSp(V) on V® n commutes with the right action 
of ( B n (—2m). Moreover, if K = C. then 

V? c ( ( B„(-2m)) =End CGSp(v) (V® n ) =End CSp (v)(V® n ), 

4>c(CGS P (V)) =?Pc(CSp(V)) -End<8„ ( _ 2m) (^ n ), 

(2) if K = C, then there is an irreducible <CGSp(V)- ( B n (—2m)-bimodule de- 
composition 

[n/2] 

F®«=@ A(A)®£(A 4 ), 

/=0 \hn-2f 
t(\)<m 

where A(A) (resp., D(X t )) denotes the irreducible left CGSp(V)-module 
(resp., the irreducible right 25„(— 2m) -module) corresponding to A (resp., 
corresponding to A* ), A* denotes the transpose of A. 

By the work of [9], PH] and [IS], the complex field C used in part (1) of the above 
theorem can be replaced by arbitrary infinite field. That is, we have a characteristic 
free version of type C Schur-Weyl duality in group case. 

Theorem 1.2. ([9j, [10], [46]) Let K be an arbitrary infinite field. Then 

(1) i) C {KGSp{V)) =End 2M _ 2m) (V® n ); 

(2) ipc^ni-Zm)) =End KG sp(v)(V® n ) =End KSp( v)(V® n ). 

For the quantized type C Schur-Weyl duality, we require V to be a 2m dimen- 
sional vector space over Q(g) equipped with a skew bilinear form (,). We fix an 
ordered basis {u,}?^ as before. Let ^Jq( q )(5p 2m ) be the quantized enveloping alge- 
bra of sp 2m ( l C) over Q(q), where q is the quantum parameter. Let s B n (—q 2,n+1 , q) 
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be the specialized Birman-Murakami-Wenzl algebra (specialized BMW algebra for 
short) over Q(q). There is a right action of fB n (— q 2m+ 1 , q) on V® n which quantizes 
the right action of 25 n (— 2m). We refer the reader to Section 3 for precise definitions 
of Q3„(— q + , q) and its action. Let ipc,tpc be the natural representations 

PC : (®n(-9 2m+1 ,g)) op -EndQ^V®"), 
i, c : U Q(g) ( 5 p 2m )^End Q(g) (F®"), 

respectively. 

Theorem 1.3. ([8, 10.2], [3S]) 

(1) TTie natural left action of Uq( 9 ) (sp 2TO ) 071 commutes with the right 
action of 58„(— g 2m+1 ,3). Moreover, 

Vc(<B n (-q 2m+ \ q )) = End UQ(g)(sP2m) (y®«), 
^c(U Q(g) ( 5 p 2m )) = Endg,^.^,,)^®"); 

(2) £/iere is an irreducible UQ( 9 )(sp2m)"2}n( — g 2m+1 , q)-bimodule decomposition 

[n/2] 

V ® n = A(A)®-D(A*), 

/=0 Ahn-2/ 
£(A)<m 

u;/iere A(A) (respectively, D(X t )) denotes the irreducible left Vq^(sp 2m ) - 
module (respectively, the irreducible right ( B n (—q 2m+1 ,q)-module) corre- 
sponding to A (resp., corresponding to A ). 

Let U^(sp 2m ) be the Lusztig's srf-tovm in UQ( g )(sp 2m ). Let be the free 
■eZ-module spanned by {vi} 2 ^. Note that ( B n (—q 2m+1 ,q) has a natural j/-form 
f & n (—q 2m+1 ,q)^. For any commutative ^-algebra if, let £ be the natural im- 
age of q in K, and we define TS K (sp 2m ) ■= u ^(sp 2m ) <gw if, <8„(-C 2m+1 , C) : = 
Q3„(— g 2m+1 , q)gi ®^ K . The representation ipe naturally gives rise to an action of 
U^(sp 2m ) on V^ n which commutes with the right action of Q5 n (— q 2m+1 , q)^. By 
base change, for any commutative ^-algebra K, we get an action of Uff(sp 2m ) on 
V^ n which commutes with the right action of <8„(— C 2m+1 , C); 

The main results in this paper are the following two theorems. 
Theorem 1.4. For any commutative si -algebra K, 

V>c(lMsp 2m )) = End^^m+i.o^). 

Theorem 1.5. For any commutative si -algebra K, 

<^c(®n(-C 2m+1 ,C)) = End Ujr(sPam) (Vf n ). 

Note that if we specialize the parameter q to Ik £ K, then the BMW algebra 
2}„(— g 2m+1 , g) becomes the specialized Brauer algebra Q3„(— 2m), and the action 
of *B„(— q 2m+1 , q) on n-tensor space becomes the action of 23„(— 2m) used in [TO] , 
Applying the above two theorem, we get the following corollary. 

Corollary 1.6. For any commutative 1,-algebra K , 

(1) Vc(U*(*p 2m )) =End Bn( _ 2ro)jc (Vf n ); 

(2) ^ c (5B n (-2m) i c)=End Uif(sp2m) (y|"). 
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Note that this corollary can also be deduced from the main result in [TO] by using the 
equivalence between the category of rational Sp2m(K)-modu\es and the category 
of locally finite Uk (sp 2m )- m °dules. 

The algebra S s ^(2m,n) := End< 8n (_ C 2 m+ i iC) (V§ n ) is called "symplectic C-Schur 
algebra" by Oehms ([!!])• ^ is a cellular (in the sense of [35]) and quasi-hereditary 
if-algebra. The strategy that we use to prove Theorem 11.41 is to inspect the in- 
duced natural homomorphism ipc from Lusztig's modified quantum algebra (see 
HU) Ux(sp2m) to the symplectic q-Schur algebra S s ^(2m,n), and (roughly speak- 
ing) to interpret ipc as the dual of the natural map from the nth homogeneous 
component of the quantized coordinate algebra of SpM 2m (K) (symplectic monoid) 
to the quantized coordinate algebra of Sp 2m (-?0 (symplectic group). It turns out 
that the kernel of ipc is spanned by the canonical basis elements it contains. As 
a consequence, we deduce the following result, which is announced in [16) without 
proof. 

Corollary 1.7. For any commutative ^/-algebra K, (2m, n) is isomorphic to 
the generalized q-Schur algebra kS(tz) defined in |16) . where it is the set of dominant 
weights occurring in V® n . In particular, if specializing q to 1, then we recover the 
symplectic Schur algebra studied in [13] and [15| . 

The strategy that we use to prove Theorem 11.51 is similar to that used in [TU] . 
We first prove the equality under the assumption that to > n. Then wc reduce the 
case to < ?i to the case m — n via a commutative diagram. Finally, we convert the 
task of proving the equality concerning (pc to a purely type C quantum algebra 
representation theorietic problem which involves no BMW algebras. However, the 
direct generalization from [lOj does not work here. In our quantized case the proof 
is much more difficult. We expect that our approach for both equalities can be 
applied to prove integral versions of various other Schur-Howe-Weyl dualities in 
Lie theory. 

The paper is organized as follows. In Section 2, we collect some basic knowl- 
edge about the usual and the modified form of the quantized enveloping algebra 
of sp 2m (C) as well as their actions on the n-tensor space V® n . The new result is 
Lemma 12.31 which enables us to reduce the proof of the equality concerning ipc to 
the proof of an equality concerning ipc- In Section 3, we show that each finite trun- 
cation A s ^.(2m, < n) of the quantized coordinate algebra A s ^(2m) of SpM 2m (if) is a 
cellular coalgebra. The two-sided simple comodule decomposition of the quantized 
coordinate algebra A s ^ q ^(2m) of Sp 2m (i^) is obtained, which actually coincides 
with Peter- Weyl's decomposition proved by Kashiwara ([M]). In Section 4, after 
proving that the tensor product V^-(A) <g> Vk(A) of a cell left comodule and a 
cell right comodule of A s ^(2m, < n) is actually a co-Weyl module of the quantum 
algebra Uk(b © 9) (Lemma 14. 13[) . we are able to identify the type C quantized co- 
ordinate algebra A^ (g) defined by Kashiwara in [51] with the quantized coordinate 
algebra A s J ^(2m) arising from generalized FRT construction. The proof relies on 
some nice properties of the upper global crystal basis (i.e., the dual canonical basis) 
of the quantized coordinate algebra A^(g) introduced by Kashiwara. Then we give 
a proof of our first main result — Theorem 11.41 In Section 5, we give a proof of 
our second main result — Theorem 1 1.51 in the case where to > n, following a similar 
idea (but different and more difficult arguments than) in [TD], Section 3]. The case 
where m < n is dealt with in Section 6. We reduce the proof of Theorem 1 1.51 to the 
proof of the surjectivity of a map between coinvariants of two tensor spaces and 
the commutativity of a certain diagram of maps (Lemma 16. ip . For the former, we 
use Lusztig's theory on based modules ([H]) as in [TD], Section 4]. The proof of the 
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latter turns out to be quite delicate and more interesting than in the classical case. 
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2. Tensor space and modified quantized enveloping algebra of type C 

In this section we shall recall some basic facts about the usual and the modified 
form of the quantized enveloping algebra of type C as well as their actions on the 
n-tensor space V® n . We shall show that, for any commutative ^-algebra K, the 
image of the quantum algebra (sp 2m ) in the endomorphism algebra of the n- 
tensor space V® n coincides with the image of the corresponding modified quantum 
algebra i] K (sp 2m ). 

Recall the Dynkin diagram of sp 2m 

1 2 3 m-1 , m 
• • • < • 

Figure 1 .1 

where each vertex labeled by i represents a simple root ai. For each integer i with 
1 < i < m, let a( be the corresponding simple co-root. Let X be the weight 
lattice of sp 2m . We realize X as a free Z-module with basis £i,--- ,e m . Then 
a m = 2e m , a>i = ei - e i+ i, i = 1, 2, • • • , to - 1. 

Throughout this paper, we shall identify the weight A = Ai£i + • • • + \ m e m G X 
with the sequence (Ai, ■ • ■ , A m ) of integers. We shall also write A = (Ai, • • • , A m ) 
and |A| := Ai + h A m . Let 

X+ := {A G X\(X, ai ) > 0,V1 < i < to}, 

i.e., the set of dominant weights. Then A = (Ai, • • • , A m ) G X + if and only if A is 
a partition. Let (,) be the symmetric bilinear form X defined by (£i,£j) — 5»j for 
any i, j. The Cartan matrix A — (ojj) (where a,ij := 2(«j ■, a i )/(o; i , ai)) of sp 2m is: 

/ 2 -1 \ 
-1 2 -1 
-1 . . 

2 -2 

V -i 2 / 

with rows and columns indexed by {1, m}. Given a fixed indeterminate q set 

_ J q, if i ^ to 
Qi ~ { q 2 , if i = m ' 

[% - q * - %j and [k]\ = [k]i[k -!]<•■■ [1],. 
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The quantized enveloping algebra Uq( ? ) := Vq^ q - ) (sp 2m ) is the associative unital 
algebra over Q(q) generated by e.;, fi, k t , k^~ i = 1, to, subject to the relations: 

h A- -1 — lc~ 1 h- — 1 i-^i-^ 1 — i' ±1 i- ±1 

— i 1 — ' i j — j i ' 

hejkr 1 = q a ':iej, /,•,/,/.•, 1 = q " 
k' ^ = ^3 *J where fc, = j fcf) if ; = m , 

ifi^j, 1 £ J (-l)*eW ej ei 1 -°'^- fc) =0, 

X—ai j 
fc=0 

where ej*> = e*/[*]i and jf 5 = 

U(Q)( g ) is a Hopf algebra with coproduct A, counit e and antipode S defined on 
generators by 

A(ej) = e t <g> 1 + fc 4 <8>e;, A(/;) = 1 <g> / 4 + f, L ® fcr 1 , A(fc 2 ) = fc 4 <g> fc i; 

e(c<) = e(/i) = 0, e(fci) = 1, 

S(e<) = -fcr 1 ^, S-(/i) = -fiki, S(ki) = kr\ 

Recall our definition of in the first paragraph below Theorem 11.31 For each 
1 < i < 2m, let i' := 2m + 1 — i. The action of the generators of Uq( 9 ) on 
V Q(q) := ®^ Q(?) is as follows (cf. [H (4.16)] jl 

{Ui, if j = i + 1, 

-«(i+x)') if J = e m u j : = 

0, otherwise; 

/iUj := ^ if j = (i + 1)', /mUj := 

0, otherwise; 

{qvj, if j = ioTj = (i + l)', 
q~ 1 Vj 7 if j = i + 1 or j = i', 
Vj , otherwise, 

{qvj, if j = m, 
q~ l Vj, i{j = m', 
vj, otherwise, 

where 1 < i < to, j e {1, • • • , m} U {m', • • • ,1'}. Via the coproduct, we get 
an action of Uq( 9 ) on V^^. Let := U £ /(sp 2m ) be the Lusztig's g/-form in 
Uq( 9 )(sP 2to ). As an ^-algebra, TLV is generated by 

ef\ jf\ h, K\ a = 0,l,2,..-,l<*<m. 
Lemma 2.1. TTie a&cwe action o/Uq( 9 ) on naturally gives rise to an action 

ofV^ onV® n - 

Proof. It is well-known that U^r is an jzZ-Hopf algebra. Hence it suffices to show 
that U^VV C V^f. However, this follows from direct verification. □ 



\v m , if j = m', 

(0, otherwise, 

V , if j = 

0, otherwise, 



^Note that our k m = fcj^ in this paper corresponds to k m in the notation of |29| . 
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For any commutative ^-algebra K, we define Vk = U^(sp 2m ) := U^/ ®^ K. 
By base change, we see that there is a representation 

^o:U K ^End^Vf"). 

In Lusztig's book [U Part IV], a "modified form" Uq( 9 ) of Uq( 9 ) was introduced. 
The algebra Uq(ij) in general does not have a unit element. But it does have a 
family {1a}agx of orthogonal idempotents such that Uq( 9 ) = (Bx.^x^-x^^q)^ /x- 
In a sense, the family {1a} serves as a replacement for the identity. Let 7Ta. m be 
the canonical projection from Uq( 9 ) onto 1aUq( 9 )1 m (see [JT| (23.1.1)]). As a Q(g)- 
algebra, Uq( 9 ) is generated by the elements e^A, /iIa and 1a with i £ {1, 2, • • • , to} 
and Ael, where the following relations are satisfied. 

IaI^ = I^Ia = <5a : ^1a, eil\ = l\ +ai (eil\), fil\ = l\- ai {fi^\), 
{eil\- aj )(fjlx) - (fjl\ +at )(eil\) = Sij[(X, o^)]ilx, 

f (-i)^^^! 1 ^-^ = f (-i) i # ) / j #-°«-* ) = o if 

k=0 k=0 

where (A,a^) := 2(A, a.i)/(cti, aj), and the last identity is understood as its canon- 
ical image under ir\^ for any A, /i £ X. 

ffc") (k) 

Let be the ^-subalgebraof UQ( g ) generated by e- 1a, fl 1a for i = 1, 2, • • • , 
to, fc = 0, 1, 2, • • • , A e A. Then by [12 (23.2)], is a free ^/-module, and in fact 
U^/ is an ,2/- form of Uq^) . 

Since is a finite dimensional integrable module over Uq( 9 ), it follows that 

VqS\ naturally becomes a unital Uq( ? ) -module in the sense of (U, (23.1.4)]. For 
each A £ AT, we define p\ to be the projection operator from V® n onto its A-weight 
space (with respect to the subalgebra generated by kf 1 , ■ ■ ■ , k^_ t , k^ 1 ). 

Lemma 2.2. Let ipc be the map 

Ia^Pa, eil\i-^ipc{ei)px, fi^x >-> ipc(fi)px, i = 1, 2, • ■ • ,m, A e X. 

Then tpc can be naturally extended to a representation of Uq( 9 ) on V® n such that 
^c(-PIa) = ipc(P)p\ for any P 6 U Q(g ) and X E X. 

Proof. This follows directly from the definition of Uq( 9 ) and the fact that is 
a direct sum of its weight spaces. □ 

By restriction and applying Lemma |2~T1 we see that V^ n naturally becomes an 
U^-module. For any commutative ^-algebra K, we define IJk = UA'(sp2 m ) ■— 
U^/ K. By base change, we get a representation 

Lemma 2.3. With the above notation, for any commutative srf -algebra K , 

V>c(u A -) =^c(Ua-)- 

Proof. It suffices to show that ipc(^V^ — ~>Pc (U^Y 

Let X n be the set of weights (with respect to the Cartan part of sp 2m ) in F® n . 
Obviously, X n is a finite set. As linear operators on V® n , it is easy to check that 
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for i = 1, 2, • • • , m and a = 0, 1, 2, • • • , 
V'c(fc l ) = ^c(^ g< A ' a ' v >l; 



xex n 

As a result, we deduce that ipc(jJsrfj Q tpcyUn? 

It suffices to show that p\ = tpcO-x) G ?/>c (u^J 
integer i with 1 < i < m, we set (following Lusztig) 

* ~ r,c-s+l T-l„-c+a-l 



n 



It remains to show that 



for each A E X n . For each 



K t ;c 



for t> 1, ceZ. By [39l Lemma 4.4], we know that 



Let A G Af n . We write Aj := (A, a/) for each i. Note that for each i, 
Xi G 



{— n, — n + 1, • • • , — 1,0, 1, • • • , n — 1, n.}, if i ^ m, 

{-2n, -2n + 2, ••• ,-2,0,2,- •• ,2n-2,2n}, if £ = m. 



We define 



m — 1 

n 



i^ t ; -Ai - 1 
2n 



^;-Ai + 2n 



2/7 



Km : X m 1 

4n 



K m ; -A m + 4n 
4n 

Clearly, p' A G U^. For each [i G A„, we use ^^^[a*] to denote the ^-weight 
space of VJB 11 } . One can verify directly that 



x, ifzGF^A], 
0, iixeV®^} with M ^ A. 

As a result, we deduce that p\ — ipc{l\) = ipc(p'\) G ^c^Urf), as required. This 
completes the proof of the lemma. □ 

Remark 2.4- Lemma 12.31 enables use to reduce the proof of the equality concerning 
tpc to the proof of the equality concerning tpc- Note that the arguments used in 
the proof of Lemma 12.31 actually work in all types. 



3. BMW ALGEBRAS AND A GENERALIZED FRT CONSTRUCTION 

In this section we shall first recall the definitions of specialized BMW algebras 
and Oehms's results on a generalized Faddeev-Reshetikhin-Takhtajan (FRT for 
short) construction. Then we shall analyze the structure of each finite trunca- 
tion A s ^(2m, <n) of the quantized coordinate algebra A s J,(2m) of SpM 2m . Using 
Oehms's symplectic bideterminant basis for the quantized coordinate algebra of 
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symplcctic monoid scheme SpM 2m , we shall conclude that A s ^(2m, <n) is a cel- 
lular coalgebra. The two-sided simple comodule decomposition of the quantized 
coordinate algebra A^^ (2m) is obtained. 

Let x, r, z be three indeterminates over Z. Let R be the ring 

R := Z[r, rr 1 ,z,x]/((l - x)z + (r - r" 1 )). 

For simplicity, we shall use the same letters r, r , z, x to denote their images in R 
respectively. 

Definition 3.1. ([6J, g3], [g]) The Birman-Murakami-Wenzl algebra (or BMW 
algebra for short) 25 n (r, x, z) is a unital associative R-algebra with generators Tj, Ei, 
1 < i < n — 1 and relations 

(f) T 4 - Tr 1 = 2,(1 - ^j), /or 1 < * < n - 1, 

(2) £f = xEi, forl<i <n-l, 

(3) TiT i+1 Ti = T i+1 TiT i+1 , forl<i<n-2, 

(4) T 4 T, = TjTt, for \i-j\>l, 

(5) EiE i+1 Ei = E h E i+ xEiE i+1 = E l+1 , for 1 < i < n - 2, 

(6) TiT i+1 Ei = E i+1 Ei, T i+1 TiE i+ i = EiE i+1 , for 1 < i < n - 2. 

(7) E t T, = TiEi = r- l E u forl<i<n-l. 

(8) EiT i+1 Ei = rEi, E i+1 TiE i+1 = rE i+1 , for\<i<n-2. 

In [43] , Morton and Wassermann proved that Q5 n (r, x, z) is isomorphic to the 
Kauffman's tangle algebra [36] whose i?-basis is indexed by Brauer diagrams. As a 
consequence, they show that 25 n (r, x, z) is a free i?-module with rank (2n — 1)!!. In 
fact, the same is still true if one replaces the ring R by any commutative i?-algebra 
K. Note that if we specialize r to 1 and z to 0, then QS n (r, x, z) will become the 
usual Brauer algebra with parameter x. 

We regard srf as an i?-algebra by sending r to — q 2m+1 , z to q — q^ 1 and x 
to 1 — Y^iL-m I 21 - The resulting jzZ-algebra will be denoted by <8 n (— q 2m+1 , q).^. 
We set 25„(— q 2m+1 , q) = Q3„(-q 2m+1 , q)^ <8w Q(q), and we call it the specialized 
Birman-Murakami-Wenzl algebra (or specialized BMW algebra for short). Note 
that if we specialize further q to 1, then Q3„(— q 2m+1 , q) will become the specialized 
Brauer algebra 2$„(— 2m) used in [TU] and [3T] . 

There is an action of the algebra Q3„(— q 2m+1 , q),^ on the n-tensor space V^ n 
which we now recall. We set 

(Pi, ■ ■ ■ ,pam) := (to, to- 1, • • • , 1,-1, • • • , -to + 1, -to), 

and Q := sign(oi). For any i, j G {1, 2, • • • , 2m}, we use E^j to denote the corre- 
sponding basis of matrix units for EndQ( 9 )(VQ( g )). Let " — " be the ring involution 
defined on stf by q ±:L = q Tl , k = k for any k € Z. The involution " — " can be 
uniquely extended to an involution of End^iV^ 2 ) such that 

for any integers 1 < i,j, k, I < 2m, any r <E and any x G End^Vj? 2 ). Following 
[471 Section 2], we set 

/? := ^ (q 2 #M <8> E iti + E iti > <g> E^) +q ^ E hi ® ^+ 

KK2m l<«,i<2m 

(q 2 - 1) ]T (e m ® Ejj - q pl ~ ft <,.,/•.,..,• (8) £V j) , 

l<j<i<2m 

l<i,j<2m 
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Wc define (3 1 := qfi^ 1 , 7' := 7. By direct verification, we have that 

■= ( qEl - 1 ® Ei 'i + ^^M' ® E i',i) + H E hJ ® 

l<!<2m l<»,i<2m 

l<j<j<2m 

l<i,j <2m 

Note that the operator^ /S',7' are related to each other by the equation 
(3.2) ^-(/^-^fa-g-'Xidvw-Y). 
For i = 1, 2, • • • , n — 1, we set 

/?■ := idy«i-i (8/3' ® idy®»-<-i , 7,' := idy®«-i 87' ® idy®»-*-i • 

By (10.2.5)] and [3§] Section 4], the map 99c which sends each Tj to /?• and 
each £Jj to 7^ for z = l, 2, — 1 can be naturally extended to a right action of 
S„(-(7 2m+1 ,gV on v S n such that a11 the statements in Theorem fQl hold. Note 
that if we specialize q to 1, then T, degenerates to — G Q5 n (— 2m) for each i and 
this action of <8„(— <? 2m+1 , q) becomes the action studied in [TUj of the specialized 
Brauer algebra *B n (-2m) on V z ®". 

Now we recall what Oehms called "generalized Faddeev-Reshetikhin-Takhtajan 
construction" . The basic references are [23] , [2§] and [57] . We concentrate on the 
quantized type C case. Let Ui, 1 < i < 2m, (resp., Xjj, 1 < i,j < 2m) be a basis 
of V* (resp., of V* (g) V) satisfying Ui(vj) = S^j (resp., Xij = Vj) for each 
Set 

7(2m, n) := {(ii, • • • , i„) | ij € {1, 2, • • • , 2m} for each j}. 

For each i = ■ ■ ■ , i n ) £ I (2m, n), we set ?;i := (g> • • • ® t>j n . An endomorphism 
/i G End(V®") is uniquely determined by its coefficient /iy with respect to the 
basis {ui}iei(2m,n)) tnat is, 

ie/(2m,n) 

For any commutative jzZ-algebra if, we use F/f (2m) to denote the tensor algebra 
over V*<g>V, which can be identified with the free if-algebra generated by the (2m) 2 
symbols Xij for i,j G {1, 2, • ■ • , 2m}. For each i,j G I(2m, n), we write 

Xi.j '■= Xi 1 ,j 1 Xi 2 ,j 2 ■ ■ •Xi ni j n . 

Following 47, Section 2], for an endomorphism /1 G End(V® n ), we write 

bei"(2m,n) be/(2m,n) 

Note that the algebra Fk (2m) possesses a structure of bialgebra where comultipli- 
cation and augmentation on the generators Xi j are given by 

A(*u)= £ ^,b®X bJ) £ (Xy) = 5y. 

be/(2m,n) 



2 The reason we use the operators /3',7' is because we want to let 2$ n (— q 2 " 1 !" 1 , g)^ act on 
V3 n from the right hand side instead of from the left hand side. 
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Following Oehms [47] ■ we can apply the generalized FRT construction with re- 
spect to the subset {f3,j} C End(F) ®End(V^) to obtain a new bialgebra A s ^(2m). 
Precisely, we define 

A%(2m) := F K (2m)/(p I Xy - Xy ! /?, 7 ? Xy - Xy ? 7) i J e /(2m, 2)), 

which is necessarily a bialgebra as the ideal generated by (3 I Xy — Xy i /? and 
7 ? Xy — Xy I 7 for i,j G /(2m, 2) is actually a bi-ideal. Clearly, A^(2m) is a 
Z-graded algebra, that is, 

A%(2m)= Af(2m,n). 

0<n6Z 

For each i,j G I(2m,n), let scy be the canonical image of Xy in A ss/ (2m,n). 
By the main result in [17], the natural map A s ^(2m,n) ®^ K — > A 3 ^ (2m,n) is 
an isomorphism for any commutative ^-algebra K. The algebra A s ^(2m) is a 
quantization of the coordinate ring of the symplectic monoid scheme SpM 2m which 
is defined by (for any commutative Z-algebra K) 

SpM 2m (K) := {A e M 2m (K) | 3d{A) G K,A*JA = A J A 1 = d{A)j), 

where J is the Gram matrix of the given skew bilinear form with respect to the 
basis { Vi}f^i. 

In [IJJ, Oehms constructed a basis for A s s ^(2m,n) for each n. To describe that 
basis, we need some more notations. For i = 1, 2, • • • , n — 1, we set 

j3i :— idy»i-i <8>/3 <B> idy®™-;-i , 7 j := idy»i~i (87 ® idy®™-i-i . 

Recall that for i = 1, 2, • • • , n — 2, we have the braid relation f3i/3i+i/3i — /3i+i/3i(3i+i. 
Recall also that (see Section 1) we have used 6„ to denote the symmetric group on 
n letters. For each w G & n there is a well-defined element /3(u>) G End(y®"), where 
/3{w) = /3i 1 . . . /3i fc whenever fc is minimal such that w — + . . . {ik, «fc + l). For 
each partition A of n, let A* be the transpose of A, and let &\t be the corresponding- 
Young subgroup of & n (which is the subgroup fixing the sets {1, 2, • ■ • , A^}, {A* + 
1, A* + 2, • ■ ■ , A* + A 2 }, • ■ • ). For each w G & n and each pair of multi-indices 
i,j G I(2m,n), we set (following Oehms) 

^(i:j):= £ (- q 2 )-^f3(w)lx^ 

«i£6 A i 

and call T*(i : j) a quantum symplectic bideterminant. 

Recall that for each partition A = (Ai, A2, • • • , ) one can naturally associates a 
Young diagram reading row lengths out of the components A^. For example, 



(3,3,2,1). 



For each positive integer k, let A + (m, k) be the set of partitions of k into not more 
than m parts. Let A G A + (m, k) with < k < n. For each i G I(2m, k), one can 
construct a A-tableau Tj A by inserting the components of i column by column into 
the boxes of the Young diagram of A. In the above example, 



ii 


15 


is 


12 


is 


19 


13 


17 




14 







Let i\ be the unique multi-index in I(2m, k) such that in the corresponding A- 
tableau Tj\ the jth row is filled with the number j for each integer j with 1 < j <m. 
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For each integer 1 < i < Ai = ^(A*), we use u^o to denote the unique longest 
element in the symmetric group 6\t. Let 



Let iA G I(2m 7 k) be such that J- 1 = T^ a w ,a 4 - Following [47j Section 6], we put a 
new order " -< " on the set {1, 2, • • ■ , 2m}, namely, 

m -< m' -< (m - 1) -< (m - 1)' -< ■ ■ ■ -< 1 -< l'. 

We define I™ ys to be the set of i G /(2m, k) such that the entries in Tj A are weakly 
increasing along rows and strictly increasing down columns according to the order 
" -< ", and for each 1 < i < m, i, i' are limited to the first m — i + 1 rows. 
In the previous example, we have 



T x = 



1 


1 


1 


2 


2 


2 


3 


3 




4 







4 


3 


2 


3 


2 


1 


2 


1 




1 







Lemma 3.3. For any X G A + (m, k), we have 



Till t/S 



a 



Proof. This follows directly from the definition of / 

For each A 6 A + (m, £;), let l£ be the set of multi-indices i G I (2m, k) such that 
the entries in are strictly increasing down columns with respect to the usual 
order "<" on {1, 2, • • • , 2m}. For each integer j > 1, we write 

:= (A ® l^'" 1 ) o • • • o (A <g> l) o A. 

The following result was used in [171 Section 15] without proof. Since we shall use 
it in this paper, we include a proof here. 

Lemma 3.4. Let A G A + (m, k), i,j G I™ ys and j > 1 be an integer. We have that 

A«(r A (i,j)) 

£ T q \iM 1) )^T q x (h^,h^)®---^T q \h^\i). 

hW,- ,h(J>e/< 

Proof. We only prove the special case where j = 1. The general case follows from 
the same argument. For each positive integer r, we set ui r :— (1, 1, ,1). Let 

r copies 

A f = (fix, ■ ■ ■ ,ii p ) be the transpose of A, where p = Xx- We split j into p multi- 
indices j' G I(2m, Hi), where for each I G {1, 2, • • • ,p}, the entries of j ; are taken 
from the Zth column of T^. The same thing can be done with i. Then 



hence 



T A (i,j) = T^{\\i l )T^{\ 2 ,f) ■ ■ -T^ P (i P ,n 



A(T A (iJ)) = A^aS^^A^^J^-.-A^^Jf) 



Therefore, to prove the lemma, it suffices to consider the case where p — 1 . 

Now assume that p = 1. Then A = uik- If i, j G Ijf , then the lemma follows from 
[4"T[ (20)]. In general, by the definition of I™ ys ([57J Section 6]), we can find some 
simple reflections s qi , ■ ■ ■ ,s qa ,si 1 , ■ ■ ■ ,si b G &\t such that 



(1) i := is 



qi a qi 



< . 
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(2) For each integer 1 < c < a, the action of s qa on \s qi s q2 ■ ■ ■ s qc _ 1 does not 
exchange the indices i, i' for any i; 

(3) For each integer 1 < c < b, the action of s/ c on js^s/,, • • • s; c _ 1 does not 
exchange the indices i, i' for any i. 

Now using [?71 (13), (20), Corollary 11.9], we deduce that there exist integer 
a(i), 6(j), such that 

T A (i,j) = (-«) a(i)+6 ^T g A (TJ). 
Therefore, applying [571 (20)], we get that 

A(T q \i,j)) = (- g f a (r A (TJ)) 

= J2 (-l) a{i) T q X (lh)® (-<z) fc(j) T A (h,J) 
he/< 

= ^ T A (i,h)®T A (h,j), 
hei< 

as required. □ 

For each integer n > 0, set 

A„ := {A := (A, /) | I £ Z,0 < I < n/2, A £ A + (m, n - 2/)}. 

Let d q £ A s ^{2m) be the central group-like element as defined in [47j (7)] and [29l 
Corollary 6.3]. By definition, 

d g = ~ c T Pk ~ Pl e k£iX(k,k'),(i,i') ^7 € A2!(2m,2), 

which is independent of the choices of k, I £ {1, 2, • • • , 2m}. For each A := (A, Z) £ 
A n and each ij £ I™ ys , we set := d l q T*(i,j). Ochms ([47, (7.1)]) proved 
that A s Jf(2m,n) ®^ K = A s ^(2m, n) for any commutative jaZ-algebra K. Indeed, 
A s Jf(2m, n) is a free ■eZ-module and the elements in the following set 

(3.5) {D^ J A=(A,0eA n ,i,jG/r S } 

form an .eZ-basis of A s J,(2m, n). 

For each integer k > 0, we put an order on the set A + (m, fc), write A -< /i 
if A* = /x* for i = 1,2, ■•■ ,s — 1 and A* < //* for some s. For example, for 
A = (2,2,1),// = (3,1,1) G A + (3, 5), we have n -< A. Next, we put an order 
on A„. For any A = (A, = (^ 7 &) S A„, write A^/iifZ<frorZ = & and 
A -< [i. For each A = (A,/) G A„, we set M(A) = J™"*. Let "*" be the «e/-linear 

involution of A s ^,(2m,n) which is defined on generators by (j^^j = Dfi f° r au 
A e A„,i,j £ A„. 

Lemma 3.6. ( |47l Theorem 7.1]) With respect to the ordered set (A n , -<), the finite 
set M(X) and the -linear involution the coalgebra A s ^{2m,n) is a cellular 
coalgebra in the sense of |47l Section 5, page 860] with cellular basis given by 

{Dti\ A=(A > 0eA„ J i,je/r s }- 

For each A = (A, /) £ A„, we set 

A%(2m,n)^ := ^-Span{^ | A ^ (p,b) £ A„, ij £ I^ s ], 

A2(2m,n)t± := ^-Span{^ | A ^ p = fob) e A„, ij e 7™» a }. 
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By general theory of cellular coalgebra ([?71 Section 5, page 860]), we know that 
both A s J^(2m,n) y - and A s J^(2m,n)-- are two-sided coideal of A s ^(2m, n), and we 
have a two-sided A s J ^(2m,n) comodule isomorphism 

A^(2m, n)^/A^(2m, n)^ £* V r (A) ® V(A), 

where V(A) (resp., V r (A)) is the cell right (resp., left) comodule corresponding 
to A. Note that V r (A) = V(A) as ^-module, while the left A s ^(2m, n)-coaction 
is obtained by twisting the right A s ^(2m, n)-coaction using "*". If we extend the 
base ring &/ to the rational function field Q(q), then ^7(X)q( q ) is an irreducible right 
^Q(g) (^ m ' n ) _ comodule. 

For any commutative si -algebra K, we set 

Sj*(2m,n) := End ffi „ ( _ c2m+1 , c) (y£») , 

where £ is the image of q in K. The algebra S a ^(m, n) is called "symplectic £-Schur 
algebra" by Oehms (|47j). By [551 Proposition 2.1], there is a non-degenerate pairing 
between F Q ^(2m) and End Q(9) (1^™, ) such that for any Xy G F Q ( q) (2m,n), f G 



EndQ ( , ) (V r ®"), where i,j G I(2m,n),n,n G Z 



(*U,/>o:= 



«(/(«!)). 



if n = 



0, otherwise. 



where m := ® ■ • • <& , {wi} is the basis of V* dual to {vi}. By [5j|l Proposition 
2.1], it induces a non-degenerate pairing (,} between A^, >(2m) and 



^ 3) (2m,n). 

CKnGZ 

Furthermore, it induces a pairing (, }o between A 8 ^, >(2m) and Uq( 9 ). Precisely, for 
any £y G A£K * (2m, n), u G U Q ( g ), where i,j G I(2m,n),n G Z-°, 

(xy,u) := (ay, Vc (■"))(), 
where "0c is the canonical homomorphism 

In [35] and [37|, Oehms proved the pairing (, } actually induces an ^/-algebra 
isomorphism S s J!(2m,n) = (A s ^(2m, n)) for each n G Z— °. Note that our F(2m) 
is just T(E') in the notation of [551 Section 2], while the ideal generated by (3 I 
Xy — Xy I (3 for i, j G I (2m, 2) in our paper is the same as the ideal generated by 
Im(id£®£ —(3e) in [221 Section 2]. Note also that over the algebra A s ^(2m) is 
only a homomorphic image of S(E) in [291 Proposition 2.1]. However, if we work 
over Q(q), then Aq, a (2m) coincides with S(E) in the notation of [5pJ Proposition 
2.1] because of the relation (|3.2p . Therefore, for each A = (A,/) G A„, V(A)j; 
is also an irreducible left (2m, n)-module, and hence an irreducible left 
module. 

For any commutative jzZ-algebra K, let £ be the natural image of q in K, we 
define A s ^(2m) :— A s ^(2m)/ (d^—1), where is the natural image of d q in A s ^(2m). 
Note that A s £ (2m) is a quantized version of the coordinate algebra of the symplectic 
monoid SpM 2m (K) , while A s ^ (2m) is a quantized version of the coordinate algebra 
of the symplectic group Sp 2TO (-?T). The algebra A s ^(2m) will play a key role in 
the proof of Theorem 11.41 in the next section. We use ire to denote the natural 
projection 

tic ■ A%(2m) -» if (2m). 
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For each integer n > and each commutative jz/-algcbra K , we define 
A+(m,<n):= \_\ A+(m,k), A%(2m,<n) := A^(2m,k). 

0<k<n 0<k<n 

We shall call A s J^(2m, <n) a finite truncation of the quantized coordinate algebra 
A s ^(2m) o/SpM 2m . Clearly, A s ^(2m, <n) is a sub-coalgebra of A s ^(2m) as well as 
a free .2/-submodule with basis 



{ T q(hi) | A e A+(m, <n), i,je/r s }- 



7TC 



(^(ij)) 



The author is grateful to Professor S. Doty and the referee for the first part of 
the following corollary. 

Corollary 3.7. Let n > be an integer and K be a commutative s/ -algebra. 

1 ) The maps 

kcIa'* (2m,n) : A s £ (2m, n) -> ir c (A 3 ^ (2m, n)) 
■KclA s v{2m,<n)- A^(2m,<n) -> ir c (A s ^(2m, <n)) 
are both isomorphisms. 

2) A s J^(2m) is a free s/ -module and the elements in the following set 

A G A + (m, n — 21) for some integer n, l\ 
with n > 0, < I < n/2, i, j G I™ ys 

form an s/ -basis of A s J^(2m). Moreover, the canonical map 

A s *(2m) ®^K^A^(2m) 

is an isomorphism. 

Proof. Suppose that 0^i£ ^-^(^cIa 3 ^ (2m,n)) ■ Since d q is central, it follows that 
x = (d q — l)y for some y G A s ^(2m). Note that d q ^ is homogeneous of degree 2, 
while x is homogeneous of degree n. By Lemma 13.61 the elements in the following 
set 

|4 T 9 A (iJ) A = (A, G A k for some k > and < I < k/2, i, j G I™ ys X 

form a homogeneous basis of A s ^(2m). Expressing y into a linear combination 
of this basis and comparing the degree of each homogeneous component, we get a 
contradiction. This proves that 7rc| J 4^'(2m,n) is hijective and hence an isomorphism. 
As a result, we deduce that i^ciA s ^(2m,<n) is a ls° an isomorphism. This proves 1). 
The statement 2) is an immediate consequence of the statement 1). □ 

Henceforth, we shall use Corollary \3.1\ to identify A 8 ^ (2m, n) and A s ^(2m, <n) 
as subspaces of A s ^(2m) without further comments. The involution "*" gives rise to 
an «e/-linear involution of A s ^(2m, <n), which will be still denoted by "*". Recall 
that in the paragraph below (|3.5p we have introduced an order "-<" on the set 
of partitions of a fixed integer. Now we generalize it to the case of partitions of 
possibly different integers. For any A, fi G A + (m, <n), write A -< fj, if 

|A| - \n\ G 2N or |A| = \fi\ and A -< fi. 

Corollary 3.8. With respect to the ordered set (A + (m, <n), -<), the finite set 1^ 
(for each A G A + (m, <n) ) and the si -linear involution "* the coalgebra A s ^(2m, < 
n) is a cellular coalgebra with cellular basis given by 

{r g A (i,j)|AGA+(m,<n), i, j G I™ ys }. 

Furthermore, for each commutative s/ -algebra K , the canonical map 
A s ^(2m, <n) (gw K -> A s £ (2m, <n) 
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is an isomorphism. 

Let A + (m) := Ufc>o A + (rn, k). For each A 6 A + (m, < n), we set 

A s ^(2m, <n) yX = ^-Span{T^(i, j) | A ~< \i e A+(m,<n), ij S /;r ys }, 
A^(2m, <n)^ A = ^-Span{T^(i, j) | A < M e A+(m,<n), i,j e /™ ys }. 

By general theory of cellular coalgebra, we have that both A s ^(2m, < n) yX and 
A s Jf(2m, < n)- x are two-sided coideal of A s ^(2m, < n), and we have a two-sided 
A s J^(2m, <n)-comodule isomorphism 

A%(2m, <n)^/A%(2m, <n)^ x S V r (A) ® V(A), 

where V(A) (resp., V r (A)) is the cell right (resp., left) comodule corresponding to 
A. Note that V r (A) = V(A) as .eZ-module, while the left A s ^(2m, < n)-coaction is 
obtained by twisting the right A s ^(2m, < n)-coaction using "*". If wc extend the 
base ring &/ to the rational function field Q(q), then V(A)q(,j) is an irreducible right 
A^, q s (2m, < n)-comodule. 

Suppose that A € A + (m,k) with < k < n. We set A = (A, 0) G A fc . 
Note that the A s J-(2m,< n)-comodule V(A)^ is isomorphic to the restriction of 
the A s ^(2m, /c)-comodule V(A)q(,j). In particular, every simple A^^(2m, < n)- 
comodule comes from the restriction of a simple Ag^) Q m i &)-comodule, or equiv- 
alently, of a simple S^,^ (2m, /c)-module for some < k < n. Therefore, by the 
surjection from Uq( 9 ) onto S^^(2m,k), we see that every simple A^^(2m,<n)- 

comodule comes from the restriction of a simple UQ^-module. For any field K 
which is an ^-algebra, we define 

Va-(A) V(\)®^K, S s jt(2m,k) := S s J(2m, k) K. 

Then Vif(A) = Vif(A,0) can be regarded as a S^(2m, fc)-module. 

Corollary 3.9. Let K be a field which is an srf -algebra. Let k > be an integer 
and A £ K + (m, k). Then as a S^(2m, k)-module, Vif (A) has a unique simple socle. 

Proof. By [47 , S s ^(2m, k) is a cellular quasi- hereditary algebra. By definition, the 
dual of Vjf(A) is a cell module of S^(2m, k). Thus, the corollary follows from the 
general theory of cellular quasi-hereditary algebra. □ 

Recall that i[>C induces a natural morphism from Vk(q) to S^(2m, k), via which 
S s ^(2m, fc)-module Vx(A) can be regarded as an U^-module. Note that the above 
corollary does not immediately imply that Vx(A) has a unique simple socle as an 
U^-module because at this moment we did not know if that natural morphism from 
Uk to Sft(2m, k) is surjective or not. However, in the next section we shall show 
that this is indeed the case. 

Corollary 3.10. For each integer n > 0, we have a two-sided A s ^(2m,< n)- 
comodule isomorphism 

6 n : A^(2ra,<u) £ V r (A) QW ® V(A) Qfa) . 

AeA+(m,<n) 

Furthermore, we have a two-sided A s ^ (2m) -comodule isomorphism 
: A s y {q) (2m) = V(A) Q(g) ® V(A) Q(g)> 

fc>0,AeA+(m,fc) 
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and a commutative diagram 



A s J ( J2m,<n) 







AeA+(m,<n) 



V r (A) Q(g) <8>V(A) Q(g) 



©fc>0„ 



c>0,AeA+(m,fe) 
where the two vertical maps are natural embedding 



V 



q) 



® V 



Proof. This follows from the cellular structure of A s J,(2m, <n) given in Corollary 
1 and the fact 



A^(2m)= |J ^3!(2m,<i 



n>0 



and the following commutative diagram 

A-Q(q) ( 2m ' — n ) " * ©AeA+(m,<n) 



V r (A) Q(9) ®V(A) Q(g) 



A^ (g) (2m,<n) — =-> AeA+(mi < S) V r (A) Q((j) ® V(A) Q(g) 
where n > n > and the two vertical maps are natural embedding. □ 

Corollary 3.11. For each integer n > and each A G A + (m, n), let pr A 6e £/ie 
natural projection from A^^(2m) onto V r (A)Q( g ) ® V(A)q( 9 ). T/ien £/ie elements 
in the following set 

{pT x (nc(T q x (i,j))) |i,je/r S } 
form a Q(q)-basis of V r (A) Q ( g ) ® V(A)<j( g ). 

We end this section with the following lemma. Recall the definition of i A , i A 
given in the paragraph above Lemma 13.31 



Lemma 3.12. For each A G A + (m, n), we have 

n c (T q \i x , i A )) ee q a ^ c (T 9 a (T a ,T a )) + C i,^C (T q \i, k) 

j,k<ii A 

mod A s £(2m,<n) yX 



where a A G Z, Cj A k £ »e/, and "<" is the same as defined in |47l Proposition 8.4]. 
In particular, we have that 

± pr A (7r c (T 9 A (i A ,i A ))) G V(A) ® V(A). 

Proof. This follows directly from [171 (8), Proposition 8.4, Corollary 9.12] and the 
facts that any quantum symplectic bideterminant in A^,^ (2m) is homogeneous and 
the central group- like element d q is homogeneous of degree 2. □ 
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4. A COMPARISON OF TWO QUANTIZED COORDINATE ALGEBRAS 

In [34] , Kashiwara introduced a version of quantized coordinate algebras (which 
was denoted by A^(q) there) for any symmetrizable Kac-Moody Lie algebras 9. 
In this section we shall first show that in the case of type C, the Z^q -1 ] algebra 
Ag(o) and the quantized coordinate algebra A s ^{2m) are isomorphic to each other. 
Then we shall give a proof of Theorem 1 1.41 Throughout this section, we set 

:=s P2m( c )> U Q((?) :=Uq (9 )(£|), U Q( g) :=Uq( 9 )(b). 

Following [34], we use Oi„ t (g) to denote the category of Uq( 9 ) -modules M such 
that 

(1) M = ®x eX M x , where M\ := [x G M \ k iX = q^^x^l <i<m}, 

(2) for any i, M is a union of finite dimensional UQ( g )(fji)-modules, where 
UiQ( g )(0i) denotes the Q(g)-subalgebra generated by 

t k ±i k ±i . . . k ±i 

(3) for any u G M, there exists I > satisfying ■ ■ ■ e^u = for any 
ii,--- ,il G {lj2,--- ,m}. 

Then Omt(fl) is semisimple and any simple object is isomorphic to the irreducible 
module V(X) with highest weight A. Note that Uq( 9 ) has a structure of bi-U<Q( g )- 
module. Hence Uq( 9 ) w & s naturally endowed with a structure of bi-U<Q( g )-module. 

Definition 4.1. ([31 (7.2.1)]) We set 

. . _ J U Q ( g) u belongs to O mt (g) anrf mUq (9) ' 

Ag{3) := {ueA,( 8 ) J («,U^) C^}, 
A^(fl) := {u e A q ( ) J (u,U^) C Qfaq- 1 ]}, 
where (, } is the natural pairing. 

Recall the pairing (,) between A^, ,(2m) and Uq( ? ) (see Section 3, the second 
paragraph below Lemma [ 



Lemma 4.2. ( 29, Theorem 6.4(2)]) We have that 

(d q - l,y) = 0, for any y£l) ( 

and the pairing (, )q induces a non-degenerate Hopf pairing (, )o between A^ q ^(2m) 
and the quantized enveloping algebra IW g ) 

l^ w (2m) XU 0(?) 
j4s a result, we have two Hopf algebra injections 

LA '■ ^Q(?)( 2m ) ^ ( U Q(<z)) . ^ : U Q(<?) ^ (^Q(g)( 2m )) ' 
where for any Hopf algebra H , H° denotes the Hopf dual of H . 

Lemma 4.3. With the above notations, the pairing (, )o naturally induces a non- 
degenerate Hopf pairing (, )o between A^^(2m) and the modified quantized envelop- 
ing algebra Uq( 9 ) 

A s ^ q) (2m)xi] Q(q) ^Q(q). 
As a result, we have two Hopf algebra injections 

Ta : ^Q(?)( 2m ) ^ (%«)) . %J ■ U Q ( g ) ^ (1^(2™)) , 
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Proof. This is an easy consequence of Lemma l2.31 Lemma l4T2"l as well as the following 
two standard facts: 

(a) any simple UQ( g ) -module is a submodule of for some n G Z-°; 

(b) if u G acts as on every simple UQ^-module, then u = 0. 

□ 

For each i G I (2m, n), we define wt(i) = (/ii, • • • , /u m ), where 

(i s := #{l < j < n | ij = s} - #{l < j < n \ ij = s'}, s = 1, 2, • • • , m. 

We identify wt(i) = (yui , • • • , /i m ) with the weight + • • • + fi m e m G X. 

Lemma 4.4. Let i,j G I(2m,n). Set /i = wt(j). TTien /or any integer a with 
1 < a < m, 

<ir c (T*(i,j)),fc o ) = g^ £ (7rc(T 9 A (i,j))). 
Proof. This follows from direct verification. □ 

Note that Uq( 9 )(jj) — ^Q( q )(Q opp ) via the anti-automorphism <f> defined on gen- 
erators by: 

e« i-> fi, fi^-ei, ki^ki, i = 1,2, •••,m. 

We identify Uq( 9 )(s©0) with Uq (<3 ) (a)®U Q ( 9 ) (g). Using </>, the bi-U Q ( g ) (fl) structure 
on (Uq( 9 )) can be interpreted as a left U(j( 9 )(g © g)-structure, i.e., 

((o®6)/)(a?) := f(<f>(b)xa), Va,b,x G U Q( ,)(fl),/ e (U Q(<3) (g))*. 

Let = IU(C m ) be the Weyl group of type C m . Let wo be the longest element 
in W m . If A = (Ai, • • • , A m ) G X, then wqX = (— Ai, • • • , — A m ). Let k G Z-° and 
A G A + (to, fe). Recall our definitions of i\ given above Lemma [3.31 We have the 
following observation. 

Corollary 4.5. Let k G Z-° and A G A+(m, fc). TTien 7r c (T A (i A , iA)) is a weight 
vector of weight (A, A) satisfying 

e i n c (T£(h,h))=0 = TT C {T£(h,ix))fi, Vl<Km. 

Proof. Note that i A G 7< . We identify ^(T^a, ia)) 

as an element in (U(Q(g)) via 
la- Recall that the Uq^Qj © g)-structure on {Vqiq)) comes from its bi-UQ( g )(g) 
structure. 

We first look at the left UQ( 9 )-action on (Uq( 9 )) . Recall that ire is a bialgebra 
map. For each integer j > 1, by Lemma T3. 41 and [47l (20)], we know that 

A«(7r c (r A (i A ,i A ))) 

E ^(T 9 A (iA,hW)) 8 , c (^(hW,h (2) )) 
hW,- ,h«)eJ< 

®7r (r^(^,i A )). 
In particular, we have that 

7r c (T A (i A ,i A )) = e(ir c (T q x (h,i x ))y c (T q x (h,h)). 
hei< 
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With these in mind and using Lemma 14.41 for any / S ^Q(q) and any integer a with 
1 < a < m, we get that 

(fc a ^ c (T A (i A ,i A )),/) 

= (7Tc(T g A (i A ,i A )),/fc o ) 

= Y, (A(7r c (T 9 A (i A ,i A ))),/®fc Q } 
he/< 

= E (^c(T ( A (i A ,h)),/}o^c(T A (h,i A )),fc Q )o 
he/< 

= 9 <A ' ar> E (e(^(T g A (h ; i A ))) 7 r c (T ( A (i A ,h)),/) 

h£J< 

= g^)(7rc(T A (i A ,i A )),/) , 

which implies that k a irc(Tq(i\, i A )) = ^ A ' Q ^7r<7(T A (i A , i A )) . In a similar way, one 

can prove that if we regard (Uq( 9 ))* as a right UQ( 9 )-module, then 7Tc(T' A (i A , i A )) 
is a weight vector of weight A. 

It remains to show that ei7rc(T' A (i A , i A )) = = irc(Tg(i\, i\))fi for any 1 < i < 
m. It suffices to show that for any / £ Uq( 9 ) , 

(4.6) (e^ c (T A (i A ,i A )),/)o = (vr c (T A (i A ,i A ))/,,/) . 
By definition, 

(e^ c (7 lA (i A ,i A )),/)o = (vr c (T A (i A ,i A )),/e 4 )o, 
( 7 r c (T A (i A ,i A ))/ i ,/}o = (7r c (T A (i A ,i A )),/ 4 /} . 

By direct verification, one can show that for any helj, 

^ c (T A (h,i A )),e 4 > = = (7T C (T A (i A ,h)),/,) , 

from which the equality (14. 6p follows immediately. This completes the proof of the 
corollary. □ 

By Corollarv l3.10l and the discussion above it, we see that every simple A^^ (2m) 
comodule comes from the restriction of a simple Uq( 9 ) -module. For each A G X + , 
let V(X) (resp., V r (X)) denotes the left (resp., the right) simple module with highest 
weight A. By Corollary 13.111 Lemma 13.121 and Lemma 14.51 it is easy to see that 
V(A)q( (? ) is identified with V(X) as left Uq( 9 ) -module, and V r (A)Q( g ) is identified 
with V r (X) as right UQ( g )-module. By [331 Proposition 7.2.2], we have a Peter- Weyl 
decomposition 

(4.7) A g ( S )= V r (X)®V(X), 

\ex+ 

from which the following result follows easily. 

Lemma 4.8. With the above notations, we have that 

i A (A s v (q) {2m)) =A q (g). 

For later use, we denote by <!> A the canonical embedding induced from the iso- 
morphism (|4~?) from V r (X) <g) V(X) into A g (g) for each A E X+. 
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In (33], Kashiwara introduced a crystal basis B(A q (gj) of A q (o). He proved that 
B{A q {o)) has the crystal structure 

B{AM)= U 5 ( A )> 

where B(X) := B r (X) ® B(A), and B r (X) (resp., 5(A)) denotes the crystal basis of 
V r (X) (resp., of V(X)). For each b G P(A), let G(b) be the corresponding upper 
global crystal base of A q (g). Recall that g = sp 2m in this paper. By the results in 
|42j . Uq( 9 ) has also a crystal base U Ae x+i?(A) as well as a canonical base (or lower 
global crystal base) {G(b)\b G P(A),A e X + }. This canonical base is an ,e/-basis 
of U^. There exists a canonical coupling (,)i between A q (g) and Uq( 9 ) (cf. (35] 
(10.1.1)]) defined by 

($ A (w® «),P>i := («,Pw), VA r(A),«e ^(A),P G U Q(g) , 

where (, ) is the pairing between V r (X) and V(X) introduced in (3_U (7.1.2)]. By the 
results in [35], for each A E X + , there is a bijection : B(X) — » B(X), such that 



(4.9) (G(6'),G(6)> 1 = < 5 6$(i);) , V6,6'eS(A). 

In [34], Kashiwara proved that the upper global crystal bases {G(b)\b G B(X), X G 
X +} form a Q[q, basis of A^(g), and he remarked that it is actually an ,e/-basis 
of A^(g). For the reader's convenience, we include a proof here. 

Lemma 4.10. With the above notations, we have that the elements in the following 
set 

{5(b) | b e B(x), X g a:+} 

form an -basis of A q (g). 

Proof. First we show that for each A G X + , and each b G B(X), 

G{b) G 

Let P e U^f. By definition, for any /ieI,Ae u G V r (X), v G V"(A), 

(^(u^^Pl^i = (m,PV)- 

It follows that for any given A G X + ,u G V rr (A),u G V^(A), there are only finitely 
many /i6l such that 

<*a(«®«),P1 m )i ^0. 
Therefore, applying [3H Proposition 7.2.2] and (|4.9|) . we get that 

(G(b),p) = ^(G(t),pg ie ^ 

which implies that G(b) G ^g(fl)- 
Second, we want to show that 



4 £ 
A 9 



(g) C |x 6 A g (g) (x, U^)i G j*}, 



from which and together with (|4.9p the lemma would follow immediately. 

Let / = T,t=i x i ® 2/i G ^(fl), wher e for each 1 < i < £, ir 4 G F r (A^), 
2/i G F(A (i) ), and A^ G -X"+. Let P G ILy, (i£X Our purpose is to show that 
(/, Pl M )i G «e/. Let n be an integer which is large enough such that 

(1) < n, |/x|= n (mod 2Z), and 

(2) for each 1 < i < t, either V(X^) C V"®"" 1 or F(AW) C F® n . 
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We write {1, 2, • • • ,t} = 1% U I2, where 

A := {1 < * < t I V(A<*>) C V® n }, h ■= {1 < i < t I F(A W ) C T/®"- 1 }. 

Let G Ujar be as defined in the proof of Lemma 12.31 with respect to our fixed 
n and /i. By the definition of A^(q), we have that (f,Pp') 6 Note that 



p^ygm-i = = l^l/®"- 1 . It follows that 



ieii ieii iehui-2 

= (f,Pp' fl )e*f, 

as required. This completes the proof of the lemma. □ 



Let A S X + . Let A^(A) denote the standard sZ-iorm of V(X), i.e., the 
submodule generated by the highest weight vector v\. Then A^-(A) is spanned 
by Lusztig's canonical basis as in [?TJ §14.4]. Note that the upper global crystal 
basis {G(b) | b G B(X)} is Lusztig's dual canonical basis. The dual basis to the 
upper global crystal basis under the canonical contravariant form (., .) on V(A) is 
the lower global crystal basis, i.e., Lusztig's canonical basis, cf. [27) and [341 §3.3, 
4.2.1]. Let 

V>(A) := {v G V(X) I (v,w) G si for all w G A*- (A)}. 

Then V^(X) = Hom^f (V^, is Ue/^-stable and spanned by the upper global 
crystal basis of V(X). Similar statement is true for V^(X), V r (A). For any field K 
which is an .^/-algebra, we define 

V£(A) ® V K {X) := (V^(X) ® V*(\)) 8w K, 

A r K (X) <8> A K (X) := (A^(A) ® A^(A)) ®^ 

Since A^-(A) ® A^(A) is a highest weight module generated by its highest weight 
vector (cf. [4"T1 Theorem 14.4.11]) and has the same dimension as V r (A) ® 1^(A), 
it follows that A r K (A) £g> A#- (A) is isomorphic to the Weyl module of (g © g) 
associated to (A, A). Note that V£(A) <8 Vjr(A) = (A r K (X) <g> A*(A))*. Therefore, 
we have 

Lemma 4.11. Let A G X + . For each field K which is an sd -algebra, VJ ( (X)<S>Vk(X) 
is isomorphic to the co-Weyl module o/Uif(g©g) associated to (A, A). 

We recall the Bruhat order "<" on the set X + of dominant weights. Namely, 
A < /i if and only if \x — X G Y^i=\ ^-°cti- Note that A < (1 implies that A < /x, 
where " < " is the usual dominance order defined on the set of partitions (cf. [TT]). 
In particular, |A| < \fi\. If |A| < then A < [i implies that — \X\ G 2N and 
hence A >- fj,; if |A| = \fi\, then A < /i implies that A* > /i*, which also implies that 
A* is bigger than //' under the lexicographical order, hence we still have A >- /i. For 
each A G X + , we define 

Af( )^ A := ^-Span{G(6) I A > /i G X+ , b G 
( fl ) <A := ^-Span{G(fo) A>/iel+,k 

and A q ( 3 p x := A%(q)^ x <gw Q(q), A q ( 3 )< x := ^( )< A ® rf Q(g). For each 6 G 
5(A), let G(6) be the corresponding upper global crystal base of V r (A) ® V"(A). By 
construction, we know that F r (A) ® V^(A) is spanned by {G(6) | 6 G B(A)}. The 
following result is implicit in the proof of pHl Section 5,6]. The author is indebted 
to Professor Kashiwara for pointing out this to him. 

Lemma 4.12. ( [34] ) With the decomposition 7[ ) in mind, we have that 
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(1) for each A G X + ,b € B(X), 

G(b)eG(b)+ J2 ^) G ( 6 '); 

b'eB{p) 

(2) for each A G X + . 

M9)- X = ®x>»ex+V r (fi) ® VQm), A q ( g )< x = ®x>„ex+V r ^) ® 

In particular, A q {gp x /A q {g) <x = 7 r (A) <g> 7(A); 

(3) 6ot/i^(g)^ A and^(g) <A ore U^(fl ^-stable. 

For each integer fc > 0, we define 

^( )< fc : = ^-Span{G(6) | b G /i G A+(m, < fc)}. 

Then it is clear that 

AeA+(m : <fc) 

In particular, yl^(g)- fc is U^(fl © rj)-stable. Recall that for any A G X + , w \ = 
(— Ai,--' , — A m ). Recall also our definitions of V^-(A) and V^(A) in Section 3. 
When regarded as a left Uk(q © g)-module, V r K (A) © V^(A) is isomorphic to 
V K (A) ® V K (A). 

Lemma 4.13. Lei K be a field which is an si -algebra and n > be an integer. Let 
A G A+(m, n). If N is a nonzero Vk(q © Q)-submodule of V^-(A) © Vif(A) ; £/ien 

P r A ( 7r c(^(iA, 1a))) G AT. /n particular, V T K (A) © Vx(A) is isomorphic to 

the co-Weyl module of Uk(9 © £)) associated to (A, A). 

Proof. We divide the proof into four steps: 

^ep 1. First, we claim that for any integer t > and any i, j G /5 U T^ ys , 

ei (t) r A (ij) = £ (-ir'( h jy( h ^(i,h), 

he/< 

/f^(iJ)= E (-l) fc ' (hJ) 9 h(hJ) ^ A (i,h), 
he/< 

r 9 A (ij)/f 5 = £ (-lr'^y^T^hj), 

hez< 
.(*,*). 

h ~* i 

^ A (iJ)ef > = £ (-y'^Y^T^hJ), 



(i,t) 

where a'(h,j), a(h,j), h), h), c'(h,j), c(h,j), c?'(i, h), h) G Z and h i 
means that h differs from i on exactly t indices, on which each index i is changed 
into i + 1 or i — 1. 

We only prove the first equality as the others can be proved in a similar way. By 
the same argument used in the proof of Lemma l3.41 we can assume without loss of 
generality that i, j G 1^. For any / G Uq( 9 ), we have that 

(ef ) T A (i,j),/) = (T A (i,j),/ e W) = Yl <r ( A (i,h),/) (T A (h,j),ef ) ) . 

h£l< 
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It suffices to show that (T*(h, j), ej^)o 7^ only if h j, and in that case it is 
equal to (_i)«'(hj) (7 a(h.j) for gome a '(hJ), a (hJ) G Z. 
By definition, 

(T>,j),ef> = X! (-9 2 )^ (t0) /3Hh,b^b(ef ) Uj ). 

be/(2m,n) 

tuee A t 

Note that h,j G 1^. Recall the definition of ef' (cf. [JTJ 3.1.5]) and the action of 
&i given in Section 2. To calculate the above sum, it suffices to consider only those 

b G I(2m, n) such that b j and the entries in each column of T£ are weakly 
increasing from top to bottom. By the definition of f3(w), we know that (3(w)h.b 7^ 
only if each column of h has the same set of entries as the corresponding column of 
b. It follows that we can further restrict ourselves to those b G J5. Now applying 
[4"T1 Lemma 11.8], we deduce that only the case when w = l,b = h can make 
contribution to the above sum, from which our claim follows immediately. 

Step 2. We define P(N) := {(//, v) G X x X\N^ V ^ 0}. We claim that for some 
k 2 , ■ ■ ■ , k m G Z and some {v, Ai£i + k 2 e 2 H h k m e m ) G P(iV). 

Recall that W m is the Weyl group of type C m . By [I] Lemma 1.13], we know 
that for any A G X, 

(4.14) A G P(N) implies that (wi\,w 2 X) G P(iV) for any wi,w 2 G VF m . 

Therefore, it is equivalent to show that for some k± 7 ■ ■ ■ , fc m _i G Z and some 
v £ X, (v,kiei + ■■■ + fc m _i£ m _i + Ai£ m ) G P(N). For simplicity, for each 

• • _ T mys 

i,j £ Jj , we write 

:=pr A (7r c (T 9 A (i,j))). 

Then the elements in {v(i, j)|i, j G form a -ftT-basis of (A) ® Vjf(A). 

Since TV is a submodulc of V^-(A) Cg) Vx(A), any weight [v, fi) of N satisfies 
A > v 1 A > fi. In particular, Ai > v\,X\ > By (|4.14p . we can assume without 
loss of generality that for some integers k\, - ■ ■ ,k m with < k m < Ai and some 
v G X, (v,kiSi + • • • + k m e m ) G P(N). Furthermore, we assume that our k m is 
chosen such that k m is as big as possible. For each weight vector ^ x G N with 
weight (v, kiSi + • • • + k m £ m ), we can write 

for some Cy G K . Set 

J{x) = {j G (\ s f 0, for some i G I™ ys }. 

For each j G J(x), the assumption k m > and the fact that j G I™ ys imply that 
ji = m. Let t\ be the standard A-tableau such that the numbers 1, 2, • • • , k entered 
in usual order along the successive columns of A. We define 

cj := #{l < t < k j jt = ji and t sits in the first row of t\}, 

Cj := #{l < t < k j j t — j[ and t sits in the first row of tAj-. 

We assert that cj = k m and cj = 0, Vj G J(x). In fact, if this is not true, then we 
can find some jo G J(x) such that < cj > cj for any j G J(x). It is easy to see 

that em°^x is a nonzero weight vector with weight (v, Y^t=\ kt£t + (fcm + 2cj )£ TO ^ , 
a contradiction to the maximality of k m . 

If k rn = Ai, then we are done. Henceforth we assume < k m < Ai. For each 
j G J(x), we define 6j G {1, 2, • • • , 2m} to be the least integer (with respect to the 
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order " -< ") in the first row of Tj A such that bj >- m. In particular, 6j >- m! (because 
q = 0). We set 

Ji(x) ■■= {j e J(x) | bj < b hl Vh G J{x)}. 
Let b = 6j for any j £ Ji(x). For any j G Ji(a;), we define 

Cj' := #{l < t < n | jt — b and t sits in the first row of tAj-. 

Let 

Mx) := {j G Jr(x) | cj' > c£, Vh G Ji(x)}. 
Let c" = Cj' for any j G J2(x). Then c" > 0. We define 

Using the first two formulae we have given in Step I and the fact that (i, h) = 
whenever there are two identical indices appearing in an adjacent position in a 
column of T£ ([47l Corollary 9.2]) as well as the definition of I™ vs and the action 
of each a, fa given in Section 2, we deduce that zx G N is a nonzero weight vector 
with weight equal to either 

u, k s e s + (k b - c")e b - (k m + c")e T 

l<s<m 

or 

l<s<m 

In both case, applying (14.14p if necessary, we get a contradiction to the maximality 
of k m . This proves our claim. 

Step 3. We claim that for any integer 1 < t < m, there exist some integers 

k" +1 , ••• ,k m G Z and some i/' G X, such that ^z/',X^=i ^j £ j + X^lt+i ^" £ s^ e 

P(N). 

We make induction on t. If t = 1, this is true by the result obtained in Step 2. 
Suppose that the claim is true for t — 1. That is, for some integers k t , • • • , fe m G Z 
and some is E X, we have that 

(t— 1 m \ 

3=1 «=* ' 

Using (|4.14j) . we can further assume that the weight A is chosen such that 
(4.15) k m — max{|fc s | | t < s < to} > 0, and k m is as big as possible. 

We are going to show that for some integers k t , ■ ■ ■ , fc m _i G Z, 

t-1 m-l 



k s e s + (h' + c")e b f + (k m + c")e r< 



If this is true, then we can apply (|4.14[) again to get our claim. 

If £(X) < t — 1, then there is nothing to prove. Henceforth, we assume that 
£(A) > t. In particular, A t > 0. By (|4.14p . we know that ^j £ j + k m £t + 

J2T=t+i k s-i£ s ) G P(N), which implies that Y?j=\ X 3 £ 3+k m Et+J2T=t+i k s-i£ s < A. 
It follows that < k m < A<. We assert that k m — At, from which our claim will 
follows immediately. 
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Suppose k m < X t . For each nonzero weight vector x of weight [y , A) in N, we 
write 

x = C u( x ) v &J)- 
ije/r s 

for some Ci,j(x) S K. We define J(x), q, cj, 6j, Ji(a;), 6, Cj', ^(x), c" as in Step 2. 
We first show that k m > 0. In fact, if k m = 0, then by (|4.15[) we know that ki = 
for any t < i < m. Using the definition of I% tya , it is easy to see that for each 

j g J(x), 

(4.16) VI < Z < t — 1, I appears A; times in j and I' does not appear in j. 

Since X t > 0, it follows that for any j G J(x), 

ji G {to, to , to — 1, (to — 1)', • • • , t, t'}. 

If there exists j G J(x) such that ji = to, then (as fc m = 0) bj — m'. In this case 
b = to' and it is easy to see that em G A is a nonzero weight vector of weight 
(^, 25=1 + 2c"e m ). Since c" > 0, we get a contradiction to (|4. 15|) . 

Henceforth we assume that j% ^ m for any j G J(x). In particular, ji >~ to'. 
Note that j\ < t' . We define j to be the unique integer such that j — j\ for 
some j G J(x) and j r< hi, Vh G J(x). Set c = max{cj|j G J(x) 1 j\ = j}. Then 

(c) fc) (c) 

c > 0. If t < j < m then it is easy to see that /m • • • f)+\fj i £ JV is a nonzero 
weight vector of weight (i/, X)l=i — ce j — c£ m)', while if to' < j < t' then 

fc) (c) (c) 

it is easy to see that e m ■ ■ ■ e }'+i e }' x G iV is a nonzero weight vector of weight 
(u, Y? s =i ^s^s + csj + ce m ). In both cases using (|4.14p , we get a contradiction to 
(I4.15p . Therefore, we must have k rn > 0. In particular, for any j G J{x), ji = to. 

The remaining argument is similar to that used in Step 2 with some slight mod- 
ification. First, by the same argument used in Step 2, we can show that ji = to, 
Cj = k m and cj = 0. In particular, b y to'. We claim that b -< t'. In fact, if b >r t — 1, 
then for any j G J(x), the first row of the remaining tableau after deleting all the 
entries of in {t — 1, (t — 1)', • • ■ , 2, 2', 1, 1'} has length fc m . On the other hand, we 
know that for any j G I™ ys satisfying (|4.16p , the first row of the remaining tableau 
after deleting all of the entries of Tj A in {t — 1, (t — 1)', • ■ • ,2,2', 1, 1'} must have 
length Ai > At. It follows that k m — At, a contradiction to our assumption. This 
proves that to' -<b <t' . 

Now we follow exactly the same argument used in Step 2 to define an element 
z. Note that the condition vn! <b <t' ensures that zx ^ is a weight vector in N 
with weight 

t— 1 m 
j=l s=t 

such that | A;™, | > k m . Applying (|4.14p if necessary, we get a contradiction to (|4.15p . 
This proves our assertion that k m — X t . 

By induction and set t — m, we get that for some veX, (v, A) G P{N). 

Step J^. Starting from a nonzero weight vector x G N with weight (y, A) and 
Using a similar argument as used in Step 3, we can prove that (A, A) G P(N). Note 
that the (A, A)-weight space of V^-(A) Vk (A) is one-dimensional and is spanned 

by pr A ^7rc(T^(iA, 1a))^ ®.ai lif- As N is a submodule of V r K (A) ® V_r-(A), we can 
deduce that 

pr A (7r c (T 9 A (i A ,i A ))) «W Ik G A. 
This completes the proof of the lemma. □ 
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Corollary 4.17. Let K be a field which is an srf -algebra and n > be an integer. 
Let A G A + (m,?i). Then Vic(A) is isomorphic to the co-Weyl module ofUxid) 
associated to A. 

Proof. If L is a simple (g)-submodule of Vk(A), then L®L is a simple 
submodule of V r K {\)®\7 k (A). By Lemma l4.13l V^-(A)®Vk(A) is isomorphic to the 
co-Weyl module of Vk{q © 0) associated to (A, A). So it must have a unique simple 
(fj©g)-socle. This implies that V_r-(A) also has a unique simple UR-(cj)-socle. By 
the universal property of co-Weyl module, we see that there exists an embedding 
from Vk(A) into the co-Weyl module Vr-(A). Comparing their dimensions, we 
deduce that this embedding must be an isomorphism. □ 

Theorem 4.18. With the above notations, we have that 

i A (A s *{2m)) = A z q {Q), L A (A%(2m,<k))=A z g ( S )^ k , Vfc>0. 

Ln other words, the quantized coordinate algebra defined by Kashiwara and the quan- 
tized coordinate algebra A s J^(2m) arising from a generalized FRT construction are 
isomorphic to each other as -algebras. Furthermore, we have the following com- 
mutative diagram 

Uq(,) > U Q (g) 

I I ■ 

AM* {^ {q) {2m)Y 

where the two vertical maps are induced by the two natural pairings (,)o> re- 
spectively. 

Proof. We first show that L A (A%(2m, <k)j = A%(o)- k for any k > 0, from which 

the equality L A (^A s ^(2m) S j = A q (g) follows at once. We divide the proof into two 
steps: 

Step 1. We claim that t A ^(2m,<fc)) C A^q)^ . 

By Lemma 14.81 and the bimodules decomposition we have discussed before, we 
have 

L A (A%(2m,<k)) C M (^ (fl) (2m,<fc)) Ci,(# k 

For any integer A G A + (m, < fe), and any i, j G I\ , it is easy to verify directly 
that 

( 7r c(T (J A (i,j)),Uj/)o G &4 . 
It follows that i A (A^(2m,<k)\ C A^(g). Hence by LemmaiH 

i A (A^(2m,<k)) c A q ( s )- k n^f(s) = 4(fl)^*, 

as required. 

Sfcp We now show that L A (^A s ^(2m, < k)j = A^q)^. Our strategy is to show 

that for any field K which is an ^-algebra, lk '■= t, A Ik is an injection from 
A s y{2m,<k) into Af (g)^. 

For each A G A + (m, k), let b\ be the unique element in B(X) such that G(b\) G 
F r (A) (g> V^(A) is a highest weight vector of weight (A, A). Note that 

eiG(b x ) = 0, Vei G U Q(q) (0®£|). 
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We use induction on dominant weights with respect to the order "-<" . If A G X + 
is maximal with respect to the order "-<", then A is minimal with respect to the 
order "<". Then 

V r (A)®V(A)C^(2m,<fc), ^(A)8V rf (A)Uj( s )^. 

By Lemma [4.121 we also know that G(b\) = G(b\). In that case, as both G(b\) 
and la(^c (T^(i\,i\))^j are the highest weight vectors of weight (A, A) in Ag(g), 
we deduce (by Corollary 14.51 and Lemma f3. 12[) that 

G(b x ) = ±q a L A (nc(T q \i x ,i x ))y 

for some s£2. Since 

la (v(A) ® V(A)) C A^ k f](V r (X) ® V(X)) = VJ(A) ® V^(A), 

we deduce that for any field K which is an stf -algebra, t induces a nonzero Vk (fjffifl)- 
homomorphism lk '■= ia®^1k from V^- (A)(8) Vk (A) to V£(A)® Vr-(A). By Lemma 
I4.11l and Lemma l4.131 we know that both modules are co-Wcyl modules of Vk(q®9) 
associated to (A, A). It follows that lk must always be an isomorphism. Hence la 
must be an isomorphism as well. In particular, 

m(V(A) ® V(A)) = VJ(A) ® ^V(A). 

In general, let A 6 AT + , assume that for any field If which is an ^/-algebra, lk 
is an injection from A s ^(2in, < k) yX into 

<(£.P(^ A) := J2 A f 

^GA + (m,<fc) 

We want to prove that t^- is also an injection from A s ^(2m : < fc)- A into 
<(flP(^A):= J] A f(0)- M - 

^eA + (m,<fc) 

By bimodules decomposition, Lemma 14.121 and definition, we know that 

t *(A2(2m,<k)* x ) C^( )flA(0)< fc (> A) :=4(fl)^(j* A). 

By the same argument as before, we know that 

G(fe A ) = ±< Z Q ^( 7 r c (T g A (i A ,i A ))), 

for some a G Z. Therefore, induces a nonzero U^(g © g) -homomorphism 1^ 
from 

V r (X) ® V(A) - A^(2m, < fcp/^(2m, < fc)^ A 

to 

V£(A) W(A) s Afo)f& \)/AZ( S )^& A). 

For any field K which is an ^/-algebra, we get by base change a nonzero Vk(q®q)- 
homomorphism Ik from 

Vfc(A) ® Vjr(A) = Af(2m, < fc)^ A /Af(2m, < k) yX 

to 

TO) ® V^(A) - Af (fl)^(jt A)/<( p(^ A). 
By Lemma [4.111 and Lemma r4.131 we know that both modules are co-Weyl modules 
of Uif(0©g) associated to (A, A). It follows that Ik must always be an isomorphism. 
It follows that lk must always be an injection, as required. 
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By induction, we know that for any field K which is an srf- algebra, lk is an 
injection from A s ^(2m,< k) into A q (fj)- . Comparing their dimensions, we can 
deduce that it must be an isomorphism, from which we can deduce that la must 
be an isomorphism as well. This proves the first part of this Theorem. 

It remains to prove the commutativity of the diagram. Note that as Uq( 9 ) (g © 
g)-module, A s ^ q ^{2m) is generated by the elements 7rc(T A (i A , i A )) , A G A + (to). 
Therefore, it suffices to show that for any A S A + (m, k), k > and any P G 

IW ex, (^ c (r g A (i A ,i A )),Pi A1 ) = (Kc(T${h,i\)),P^)i- 

Note that there exists also a canonical coupling between A q {o) and Uq( 9 ) 
(cf. [35]) defined by 

(3 A (« ® «), P)i := («, Pv), V\eX+,ue V r (X), v G 7(A), P G U Qto) , 

where (, ) is the pairing between V r (X) and 7(A) introduced in [3H (7.1.2)]. By 
direct verification, we see that 

(tt c (T A (i A , i A )) , Pl^o = 5 A , M (7rc (T g A (i A , i A )) , P) , 

(M (^c (T 9 a (i A , i A )) ) , Pl^) i - <S A , M (m (tc (T a (i A , i A )) ) , P) i . 

Therefore, it suffices to show that 

^c(T A (i A ,i A )),P)o = <tA(7rc(T^(i A ,i A ))),P)i. 

Using the PBW basis of Uq( 9 j and Lemma 14.51 we can reduce to the proof to the 
case where P is generated by kf 1 , • • • , ki^ 1 . In that case, the proof follows from an 
easy verification. This completes the proof of the Theorem. □ 

We remark that each integer k > 0, the dual of the Uq( 9 ) (g©g)-module A q (Q)- k 
together with the dual basis of its upper global crystal basis actually forms a based 
module in the sense of [JTJ 27.1.2]. 

Henceforth, we shall identify A^(g) with A s ^{2m) via la- By Theorem 14.181 
the quantized coordinate algebra A q (g) was equipped with two bases. One is 
{^( & )} Ae x+, 6es(6)' another is { 7r c(7 lA (i,j))} AgX+! iJeJ m„a. The transition ma- 
trix between these two bases must be invertible as a matrix over si ' . Combining 
this with (|4.9p . we can find an jzZ-basis {G A j} AgX+ |j g jm»« of U^, such that 



(4.19) (7r c (T^(b,l)),G^) 



1, if A = n,i = b,j = 1, 
0, otherwise. 

for any A, (j, G X+, i, j G If ^ and b, 1 G I™ ys . 



Proof of Theorem ll.4l For each integer < I < [n/2] and each A G A + (m, n~2l), 
ij S ^ A " vs , we use f-DyJ to denote the base element of S s J(2m,n) dual to the 
base element D i '. of A s J^(2m, n). We have the following commutative diagram: 

U Q(7 ) — ^ 5^ g) (2m,n) — ^— > 5^ g) (2m,n) 

(I^)(2m))* (^ 9) (2m))* > (2m, n)) * 

By Theorem Ol (j4~T^) and the fact 

(d q f,%c^u(u))o = (wc(f),Tu(u))o, Vu G U Q(g) ,/ G A% ( ) (2m), 
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we deduce that 

(^ij') ' ^ 1^1 — n anc ^ := n — |A| is even; 



0, otherwise. 



In particular, this shows that ^>c\psA — S^(2m,n). By base change, we know 
that for any commutative «e/-algebra K, 

lu rf (Ux) - (2m,n). 

This completes the proof of Theorem 11.41 

Corollary 4.20. With the above notations, we have that 

(7 i \ ^ a ( PiX ij J E IT VS > ^ e A+(m, k), k > n\ 

= ^Wg(6) 6 G A e A+(m *), * > nl 
I or k < n ana n — k is odd J 

.As a result, this is still true if we replace by any commutative si -algebra K. 

Proof. It suffices to prove the second statement. Let 7r be the set of dominant 
weights in V® n . Let Q( g )S(7f) be the generalized Schur algebra associated to 7r 

defined by Doty [16j . Then it is easy to check that the homomorphism factors 
through Q( g )S(7r). Let £ /S(7r) be the .eZ-form of Q( g )S(7r) defined in |16j . For any 
field K which is an «e/-algebra, let kS(tt) := ^S(7r) Cgv K. Applying Theorem 11.41 
and comparing dimensions we deduce that the natural homomorphism from xS(7r) 
to End<8„(f2m+i^) (Vj^") * s an isomorphism. So the same is true if we replace K by 
si. Now the second statement follows directly from the definition of j^S(tt) given 
in [IB]. □ 

Note that in the proof of the above corollary, we have also given a proof of 
Corollary IP 



5. Proof of Theorem 11.51 in the case where m>n 

The purpose of this and the next section is to give a proof of Theorem 11.51 
Before starting the proof, we make some reduction. By the results in |47j . we know 
that the symplectic g-Schur algebra is stable under base change. That is, for any 
commutative jzZ-algebra K, there is a canonical isomorphism 

S S J (2m, n) K S S% (2m, n). 

Furthermore, S^(2m,n) is an integral quasi- hereditary algebra. For any field K 
which is an ^-algebra, Vk — A^(ei) — Vjr(ei) — Lk(£i) is a tilting module over 
(2m, n). It follows that V® n is also a tilting module over (2m,n). Applying 
Theorem 11.41 and using Lemma 4.4 (c)], we get that 

End Urf (V® n ) K = Ends2f (2TO ,„) (v® n ) ®^ K 

S End^ (2m , n) (yr) = End UK (V®") . 

In other words, the endomorphism algebra Endu K \VkJ ^ s stable under base 
change. Therefore, to prove Theorem 11.51 it suffices to show that the natural 
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homomorphism from (*3 n (— q 2m + 1 i q)^) op to Endu^. (v^ n j is surjective. Equiva- 

lently, it suffices to prove this is true with si replaced by any field K which is an 
si -algebra. 

In this section we shall give a proof of Theorem 11.51 in the case where m > n. 
Henceforth, we shall assume that K is field, and £ is the image of q in K and 
m > n. Note that, in this case, by [29], Proposition 4.2], 

dimEnd Ujr (V® ™) = End UlJ(g) (v$» ) 
= Y, (dim£>(A*)) 2 - dimQ3 n (-c? 2m+1 , q) = dim«8„(-C 2m+1 , 0- 



0</<[n/2] 
Ahn-2/ 

Therefore, in order to prove Theorem 1 1.51 in the case m > n, it suffices to show that 
tpc is injective. 

Our strategy to prove the injectivity of <pc is similar to that used in [TU1 Section 
3] , but some extra technical difficulties do arise due to the complexity of the action 
on n-tensor space in this quantized case. First, we make some convention on the 
left and right place permutation actions. Throughout the rest of this paper, for any 
er, r G & n , a G {1, 2, • ■ ■ , n}, we set 

(a) (or) = ((a)o-)r, (or) (a) = cr(r(a)). 

In particular, we have o~{a) = (a)cr _1 . Therefore, for any i = (ii, *2j • * * ?*n) S 
1 (2m, n), w G 6 n , 

iw = (ii,? 2 , • • • = (i w (i),i w (2), ■ ■ ■ ,iw(n))> 

which gives the so-called right place permutation action: 

vim = (v n <g> • • • ®v in )w = Vi wm <8> • • • ® Uj„, (n) = 

For each iy G & n , the element (resp., T w ) is well defined in the BMW algebra 
Q5„(— C 2 " l+1 , C) (resp., in the Hecke algebra J#k( & n)) because of the braid relations. 
Precisely, 

T w = Tj 1 Tj 2 ■ ■ ■ Tj k € *& n (— £ , £), = Tj 1 Tj 2 ■ ■ ■ Tj k £ J^jf (Sn), 

for any reduced expression Sj 1 Sj 2 ■ ■ ■ Sj h of w. 
Set 

/3:= ^ (qE iti ® E iti ^ + J2 E ij ® E j-,i + 

\<i<2m l<i.j<2m 

(q-q- 1 ) { E ^® E l--j)- 

l<i<j<2m 

For i = 1, 2, ■ • • , n — 1, we set 

/9i := id y «i-i (g)/3 ® idv<8»-*-i ■ 

By [53], the map which sends each Tj to /3, for i = 1, 2, • • ■ .n — 1 can be naturally 
extended to a representation of ^O(Sn) on V^™. 

Lemma 5.1. Let i = (ii,«2) - " >*n) S I(2m,n). Suppose that ij ^ i' k for any 
1 < j- < n - Then for any w € S n , 

ViT w — v\T w , 

if furthermore i\ > i% > ■ ■ ■ > i n , then v{T w = Vi w . 

Proof. This follows directly from the definition of action (see the formulae given 
above (021)). □ 



QUANTIZED SCHUR-WEYL DUALITY IN TYPE C 



33 



V v := { d e 6 r 



Let g be an indeterminate over Z. Let i? be the ring 

R := Z^r,- 1 - x)(q - q' 1 ) + (r - r" 1 )). 

R naturally becomes an i?-algebra (with z acting as q — q^ 1 ). We regard as 
an i?-algebra by sending r to — q 2m+1 and x to 1 — X)£L-m? 2< - The resulting 
.^-algebra is exactly Q3„(— q 2m+1 , gr)^. We refer the reader to the beginning of 
Section 3 to understand how s?# is an i?-algebra. Let 25„(r, q) := 23 n (r, a;, z) -R. 
In [22], a cellular basis for 25 n (r, g) indexed by certain bitableaux was constructed 
by Enyang. The advantage of that basis is that it is explicitly described in terms 
of generators and amenable to computation. In the remaining part of this section 
we shall use Enyang's results in [22]. We first recall some notations and notions. 

For each natural number n and each integer / with < / < [n/2], we set 
v = u f := {{2f ), (n - 2/)), where (2^) := (2, 2, • • • , 2) and (n - 2f) are considered 

/ copies 

as partitions of 2f and n — 2/ respectively. So v is a bipartition of n. Let i u be 
the standard i/-bitableau in which the numbers 1,2, ■ • ■ , n appear in order along 
successive rows of the first component tableau, and then in order along successive 
rows of the second component tableau. We define 

t v d is row standard and the first column of t' 1 -* is an\ 
increasing sequence when read from top to bottom J ' 

For each partition A of n — 2f, we denote by Std(A) the set of all the standard 
A-tableaux with entries in {2/ + 1, • • ■ , n}. The initial tableau t A in this case has 
the numbers 2/ + 1, • ■ • , n in order along successive rows. 

Lemma 5.2. Let d G T> Vf . Assume that d = d'sj with £(d) = &{d!) + 1, where 
1 <j < n-1. Then d' G V Vf . 

Proof. Since d = d'sj and i{d) = t{d') + 1, we get < 0' + :t 

follows that j, j + 1 can not both sit in the second component of l v d'. If j, j + 1 sits 
in different components of t u d', then the lemma follows immediately. So it suffices 
to consider the case where both j, j + 1 sits in the first component of t v d' . But 
d G T>f, we deduce that j, j + 1 must be located in different rows and can not be 
both located in the first column of t^ ^d' , which implies that d' G T> v , (as i v d' and 
t v d differ only in the positions of j, j + 1). □ 

Recall that (cf. [22 ) the map T t i-> T, , E. k i-> £;,V1 < i < n-1 extends 
naturally to an algebra anti-automorphism of 5B n (— q + , q)st- We denote this 
anti-automorphism by "*" . 

Lemma 5.3. ([22]) For each A h n — 2f, s, t G Std(A), let m Sl t denote the canonical 
image in 2$„(— q 2m+l , q)^ of the corresponding Murphy basis element (cf. [45 j ) o/ 
the Hecke algebra J^/(&i2f+i,--- ,«})• TTien i/ie sef 

< / < [n/2], A h n - 2f, s, t G Std(A),\ 
T diEl E 3 ■ ■ ■ E 2f . imst T d2 v ^ whem v _ ((2/); {n 2f)) | 

is a cellular basis of the BMW algebra Q3 n (— q , 9)^. 

As a consequence, by combining Lemma 15.31 and [221 (3.3)], we have 
Corollary 5.4. With the above notations, the set 

r </< [n/2], cr G 6 {2 /+i, ...,„}, di,d 2 G 

T * jBl£?3 ' ■• E *f-i T ° T <h where v , = ((2/), (n _ 2/ )) 

«s a 6asis of the BMW algebra 0S„(— q 2m+1 , q)^. 
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By base change, we can apply the previous results to the specialized algebra 
58„(— C 2m+1 ; 0- The main result in this section is 

Theorem 5.5. Suppose m > n. Then the natural homomorphism 

ipc : <8„(-C 2m+ \C) - End K (V® n ) 

is injective. In particular, ipc maps Q3„(— £ 2m+1 , £) isomorphically onto 

E *<W(* P2m) (^ n )- 

To prove the theorem, it suffices to show the annihilator amiig^^m+i 
is (0). Note that 

ann gSri (_ C 2 m+ i jC) (y ,g1 ™) = Q ann< 8ii (_ C 2 m+ i iC) (i)). 

Thus it is enough to calculate ajmtg n t^2 m +i^\(y) for some set of chosen vectors 
v E y® n such that the intersection of annihilators is (0). We write 

ann(u) = ann 3 j ii (_ C 2 ra+ i i() (ti) := {x S 2$ n (-C 2m+1 , C) | vx = 0}- 

For each integer / with < / < [n/2], we denote by B^ the two-sided ideal 
of 93 n (— g 2m+1 , q)^ generated by E\Ez ■ ■ ■ E 2 f~i- Note that B^ is spanned by all 
the basis elements whose indexing diagrams contain at least 2/ horizontal edges (/ 
edges in each of the top and the bottom rows in the diagrams). We recall a notion 
introduced in [10]. For i £ I(2m,n), an ordered pair (s,t) (1 < s < t < n) is called 
a symplectic pair in i if i s = (it)'- Two ordered pairs (s,t) and (u, v) are called 
disjoint if {s,t} f] {u, u} = 0. We define the symplectic length £ s (vi) = £ s (i) to be 
the maximal number of disjoint symplectic pairs (s, t) in i. Note that if / > £ s (vi), 
then clearly B^ C ann(«i). 

Lemma 5.6. ann !8n (_ f 2m+i^) (V® n ) C £M. 

Proof. Since m > n, the tensor u := z; n ® v„-i (8> • ■ •(£>fi is defined. Note that i ^ j' 
for any i,j £ {1, 2, • • ■ , n}. Applying Lemma [5.11 we deduce that vT w = vT w for 
any w G & n . Now B^' is contained in the annihilator of vT w , hence is contained 
in the intersection of all annihilators of vT w , as w ranges over & n . Hence B^> 
annihilates the subspace S spanned by the vT w = vT w , where w runs through & n . 

On the other hand, since m > n, it is well known (cf. [21]) that the anni- 
hilator of v in the Hecke algebra Mk{&u) is {0}. Therefore, we conclude that 
ann Sn( _ C 2 m+ i x) (y^ n ) C B {1 \ □ 

Suppose that we have already shown arnig^.^m+i q (y® n \ C B^> for some nat- 
ural number / > 1. Wewanttoshowann Sn( _ f 2m+i )C) (y <8,n ) C B^ +1 K If/ > [n/2] 
then ann !8n (_ f2 m+i !C )(y <8,n ) C B^ = implies that ann Sti( _ C 2™+i )C) (V® 7 *) = C 
anc i we are done. Thus we may assume / < [n/2]. 

For i := (ii, • • ■ , i„) € J(2m, n), we define WT(i) = A = (Ai, • • • , Aam), where 
Xj is the number of times that Vj occurs as tensor factor in v\ for each 1 < j < 2m. 
We call WT(i) the GL2m-weight of «i. Note that for a given composition A of n, 
the simple tensors of GL2 m -weight A span a J^-(6 I1 )-submodule M x of V® n , thus 

y®n _ Q M A 

AeA(2m,n) 

as ^j<-(6 n )-module, where A(2m,n) denotes the set of compositions of n into not 
more than (2m) parts. It is well-known that M x is isomorphic to the permutation 
representation of J&k (& n ) corresponding to A. 
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As a consequence, each element v £ y 8 ™ can be written as a sum 

v = ^2 v * 

AeA(2m,n) 

for uniquely determined v\ G M\ 

Following [10j . we consider the subgroup II of ©{i ... ,2/} < ®n permuting the 
rows of t" ( ' but keeping the entries in the rows fixed. The group II normalizes the 
stabilizer 6(2/) of t v 1 in & 2 f- We set := 6(2/) » II. By [TUl Lemma 3.7], we 
have 

6 2/ = [J *d, 

dec/ 

where "U" means a disjoint union. We set Vf :— 1> Uf p|©2/- 

Lemma 5.7. Let deVf. Then for any w G ^(wd) > ^(d). 

Proof. Let w 6 f . By definition, we can write w = w"w', where w" G 6( 2 /),w' 6 
IT. Note that 6(2/) is generated by si, S3, • • • , S2/-1, and II is generated Si, S2, • • • , 
s/_i, where 3* := s 2l s 2l -iS2i+iS2i for i = 1, 2, • • • , / - 1. 

We claim that £(w) — £(w"w'd) > £(w'd). In fact, this follows easily from the 
counting of the number of inversions and the fact that for any a € & n , 

t(<r) = { (h j) I 1 <i < j <n, (i)a > (j)a} . 
Therefore, it remains to show that £(w'd) > £(d). 

Note that the subgroup generated by 3i, S2, • • • is isomorphic to the sym- 

metric group 6f. We use £ to denote the length function of 6/ with respect to 
the generators Si,i = 1, • ■ • , / — 1. We use induction on £(w'). If £(w') = 1, then 
w' = Si = S2iS2i-iS2i+iS2i- In this case, our claim £{w'd) > £(d) follows directly 
from the counting of the number of inversions. Suppose that for any w' G II with 
£(w') =k-l, we have £(w'd) > £{d). Let w' G II with £(w') = k. We can write 
w' = 'sju', where 1 < j < f — 1, such that £(w') = £{u') + 1. Now counting the 
number of inversions, it is easy to see that £(w'd) = £(sju'd) > £(u'd). On the 
other hand, by induction hypothesis, £(u'd) > £(d). Therefore, £(w'd) > £(d), as 
required. This completes the proof of the lemma. □ 

Let Vf := {(ii, • • • , *2/)| 1 < *i < ■ ■ ■ < hf < "-}■ For each J e T 3 /, we use dj 
to denote the unique element in T> Uf such that the first component of i u dj is the 
tableau obtained by inserting the integers in J in increasing order along successive 
rows in t" . Let P(2/,n-2/) he the set of distinguished right coset representatives 

of 6( 2 /,n-2/) in S„. Clearly dj € P(2/, n -2/)i an d every element of I>(2/, n -2/) is of 
the form dj for some J G "P/. The following result is well known. 

Lemma 5.8. Lef J = (ii, 12, ■ • ■ , i2f) G Vf. Then 

(s 2 /S 2 / + l • • • Si 2f -i)(s2f-lS 2 f ■ ■ ■ Si 3/ _ 1 _i) • • • (s 2 S3 ' ' ' S; 2 _i)(siS 2 ' ' ' Six-l) 

is a reduced expression of dj . 

By [TUl Lemma 3.8], P W/ = \_\ JeV T>fdj. 
Definition 5.9. We define 
c = (ci,c 2 , • • • ,c 2 /) 
= urn — / + 1)', • • ■ , (m — 1)', m', m, m — 1, ■ • ■ , m — f + 1 j. 
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Note that m-f+1 < m-f+2 <---<m<m'<---< (m-f+2)' < (m-f+1)'. 
Let do be the unique clement in 62/ such that 



(a)d = 



(o + l)/2, ifo€{l,3,---,2/-l}, 
2/+l-a/2, if a G {2,4, ■•• ,2/}. 



Then do G I?/. Counting the number of inversions, we deduce that f(do) = f(f~ !)■ 
On the other hand, by direct verification, we know that 

^0 = (s2/-2S2/-l)(s2/-4S2/-3S2/-2S2/-l) ' ' ' (s 2 S 3 ■ ■ ■ S 2 /-2S2/-l). 

It follows that 

(5.10) (S2/-2S2/-1XS2/-4S2/-3S2/-2S2/-1) • • • (S2S3 • • • S2/-2S2/-1) 

is a reduced expression of do. 
Definition 5.11. We define 

V Co = V c d^ 1 = «(.,„_/+!)' ® U m -/+1 ® • • • ® U( m -1)' <8> W m -1 «m' <8> Vra- 

Lemma 5.12. LetdeV f , J := {n - 2/ + 1, n - 2/ + 2, ■ • ■ ,n}. 

(1) There exists w G 6„, suc/i f/iai do = du> and ^(do) = ^(d) + £(w); 

(2) For any J G P/, i/iere exists w' G 6„, suc/i f/ia£ dj = dju/ wii/i £(dj ) = 
£(dj)+£(w'); 

(3) /or any d G tmt/i d ^ dodj , there exists integer 1 < j < n — 1 smc/i 
£/iai ds 3 G XVf and £(dsj) — l{d) + 1. 

Proof. The statement (2) is a well-known result, see e.g., [TT]. We only give the 
proof of the statements (1) and (3). 

First, we claim that there exists an element wi G 62/, such that dw\ G £>/, 
£(dwi) = £(d) + £(w\) and the numbers 1, 2, • ■ • , / are located in the first column 
of t^ 2 \ In fact, let 1 < a < f be the smallest integer which is not located in the 
first column of t^ 2 ^d, then for any integer b which is located in the first column 
of t^^d, we must have b > a + 1. Furthermore, any integer between a and 6 — 1 
can only be located in the first a — 1 rows of the second column of t^ 2 \ Now let 
wi := Sf,_iSf,_2 • • • s a - It is easy to see that dw\ G £>/, £(dw\) = £(d) + £(w), and 
1, 2, • • • , a are located in the first column of t^ 2f \ Using induction on a, we can find 
an element w' G 62/, such that dw' G Vf, £(dw') — £(d) + £(w') and the numbers 
1, 2, • • • , / are located in the first column of t( 2/ ). Let u>o./ be the unique element 
in 62/ such that 

'(o + l)/2, ifo€{l,3,-.-,2/-l}, 
J + a/2, ifo€{2,4,---,2/}. 

Then, dw' = wqjw^ for some w[ G ,/+2,--- ,2/}- 

Let w'q G &{f+ij+2,--- ,2/} be defined by 

(/ + l,/ + 2,.-. ,2/H = (2/,2/-l,--- ,/ + l). 

Then iu is the unique longest element in 6{j +1 j- +2 .- - .2/}- It is well known that 
there exists w" G &{f + \j + 2.--- ,2/} such that w' Q — w[w" and £(w' Q ) — £(w' 1 )+£(w"). 
It is clear that 

£(dw'w") = £(w 0J w' ) = £(w 0J ) + £(w' ) = £(w QJ ) + £(w[) + £{w") 

= l(w 0J ™;) + £(w") = £(dw') + £{w") = 1(d) + £(w') + £(w"). 

Therefore, 

£{d) + £{w') + £(w") = £(dw'w") < £(d) + £(w'w") < £{d) + £(w') + £(w"), 
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which forces £(w'w") = £{w') + £(w"). Since do = dwojw' = dwojw^w" — 
d(w'w"). The statement (1) is proved. 

Let d G T> v , with d ^ dodj . We can write d = d\dj x , where d\ G T>f, J\ G Vf. 
For any d' G £>(2/,n-2/) an d any integer 1 < j < n — 1 satisfying d' = d"sj and 
£(o") = £(d") + 1, it is well known that d" G T>( 2 f, n -2f)- If -A 7^ ^o, then the 
statement (3) follows directly from this well-known fact and the statement (2). 
Now we assume J\ = J . Then di ^ d . By statement (1), we can find si G 62/ 
such that disi G T>f and £{d\Si) — £{d\) + 1. Then dj o sidj — Sj for some 
Sj G 6( n -2/,2/)- Note that 

£{d Sj ) = i{dxd JoSj ) = e(d lSl d Jo ) = £(d lSl ) + £(d Jo ) = £{dx) + l + £(d Jo ) 
= £(d) + 1, 

as required. □ 
We define 

// := |b = (61, • • • ,b n - 2 f) 1 < b n - 2f < ■■ ■ < b 2 < h < m- /}. 

It is clear that £ s (v c ® ^b) = / for all b G //. 

For an arbitrary element v G V® n , we say the simple tensor Vi = <g> ■ ■ ■ <8> «i„ is 
involved in u, if «i has nonzero coefficient in writing v as linear combination of the 
basis {vj j j G I(2m, n)} of 1/®". For later use, we note the following very useful 
fact: for any (ii,i 2 ), U1J2) G i"(2ra,2), 

(5.13) Vj ± ® i)j 2 is involved in (u^ (gi Vi 2 )(3' only if ji < i 2 and j 2 > i\. 

Lemma 5.14. Let s,ii, ■ ■ ■ ,i a be integers such that 

(1) 1 < s < f; 

(2) £ s (h,--- ,i a ) = 0; 

(3) for each integer 1 < t < a, either 1 < i t < m — f + 1 or m' < i t < 
{m-f + s + iy. 

Let d be a distinguished right coset representative of 

S(l,2,-.. ,2s) x 6(2s+l,--- ,2s+a) 

in &2s+a- Let J := {a + 1, a + 2, • • • , a + 2s}. Le£ 

u = V ir (g) • • • <g> u io , 

«> = W(m-/+1)' ® «(m-/+2)' ® • • • <S> U( m _/ +5 )' ® V m -f +s <gi ■ ■ ■ <g) U m _/+1. 

T/ien 

(«(g)w)r d -i = C^.djW ® « + ^ ® • • • ® w« 2s+a , 

ue/(2m,2s+a) 

/or some z G Z, and A u ^ only if 

(4) • • • , U2s) < s; and 

(5) any integer x with (m — / + 1)' < x < 2m or m — f + s + l<x<m does 
not appear in (ui, ■ ■ ■ , U2s)- 

Proof. We write 

ji = (l)d, .72 - (2)d, •••j 2s = (2s)d. 

Then 1 < ji < j 2 < ■ ■ ■ < j 2s < 2s + a, and d = dj if and only if j t = a + 1 for each 
integer 1 < t < 2s. Note that 

(sji-i • • • s 2 si)(sj 2 _i • • • s 3 s 2 ) • • • {sj 23 -i ■ ■ ■ s 2s +is 2iS ) 

is a reduced expression of d _1 . 
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If £(d) = 1, i.e., d = 1, then there is nothing to prove. In general, let 

d'^ 1 = (Sj 2 -1 ■ ■ ■ S 3 S 2 )(S J3 -1 ■ ■ ■ S4S3) • • • (Sja^i-l • • • S 2s S2s-l)- 

Then 

d~ l = (sji-i • • • s 2 si)d'~ 1 (s j2s _ 1 ■ ■ ■ s 2s+ is 2s ), l{d) = t{d!) + ji + j 2s - 2s - 1, 
and d' is a distinguished right coset representative of 

+a— 1} 

in 6{2,3, -- ,2s+a-i}- Note that since ji < a + 1, any simple tensor involved in 

(v®w)T jl _ l ---T 2 T l 

is of the form 

(g> V> 2 (g> • • • ® Vf a <& Vj a+1 <g> 55' <g> «(m-/+s)', 

where 

w' = u (m _/ + i)/ (g) •• • ® U( m _/ +S )/ ® u m -/+ s ® • • • ® u m _/+i. 
It suffices to consider the following three cases: 

Case 1. 1 < ji < a. Then i a +\ = m — f + s. Since £ s (ii, ■ ■ ■ ,i a ) = 0, by the 
definition of /?', it is easy to see that 

WT(ti,- ,i )=WT(? 1 ,--. ,i ). 

In particular, either 1 < ii < m — f + 1 or m' < ii < (m — / + s + 1)'. We define 

v" — vj 2 ® ® • • • <8> Vj- , w" = w. 

Then our conclusion follows easily from induction on a. 

Case ji = a + 1 and ij 7^ (m — / + 1)'. Then we must have jt = a + 1 for each 
integer 1 < t < 2s. By the definition of (3', it is easy to see that %\ ^ (m — f + 1)' 
implies that either 1 < i\ < m — / + 1 or m' < i\ < (m — / + s + 1)'. We define 

v"=W ®u? ® • ■ • (8> v~ , w" = w' . 

By induction on we deduce that 

(y" ® t5")T w -i = C z w" ® 5" + ^ A> U1 ® • • • (8 i>„ 2s+a _ 2 , 

u£/(2m,2s+o-2) 

for some and A u 7^ only if 

(al) 4(ui, • • • ,u 2s -2) < s - 1; and 

(a2) any integer x with 1 < x < to — / + 1 or to' < x < (to — f + s)' does not 
appear in (u x , • • • ,1*25-2)- 
It remains to consider 

(v^ ± <g) w" <g> w" (8) u m _ /+1 )T a+2s _i • • • T 2s+1 T 2s , 

(v? i ®t> Ul ® • • • ® w„ 2s+a _ 2 ® n m -/ + i)r a+2s -i • • -T 2s+1 T 2s , 

where u±, ■ ■ ■ ,u 2s - 2 satisfy the conditions (al), (a2) above. Note that under the 
action of T a+2s -i ■ • • T 2s+1 T 2s , the first (2s — 1) parts do not change, while by (|5.13[) 
the 2s position will be replaced by a vector of the form v p with p < to — / + 1. Now 
using the condition (a2), our conclusion follows immediately. 

Case 3. j% = a+ 1 and i\ = (m — / + 1)'. Then we also must have i 2s +i = i 2s , 
jt = a + t and i t = it-i for each integer 2 < t < 2s. In this case, our conclusion 
follows from the same argument used in the proof of Case 2. □ 
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Lemma 5.15. Let b G If, v — v\> ® v c G V® n . Let w G T> v . If w dodj , then 

T*E 1 E 3 ---E 2f _ 1 G ann(u). 
Proof. Let w G . We write w = didj, where d\ f , J <^P f . Then 

vT* = {v h ®v c )T d - / T d -,. 
Let J = (ii, i 2 , ■ ■ ■ , *2/)- By Lemma 15.81 

(Sil-l ' ' ■ S 2 Si)(s i2 „i • • ■ S 3 S 2 ) ■ ■ ' (Si 2f _ 1 -l ■ ■ ■ S 2 /S2/-l)(Si 2f -l • ■ • S2/+1S2/) 

is a reduced expression of dj. Using Lemma T5. 141 we get that 

(5.16) {v h ®v c )T d -i = ( z 5j tJo (v c ®w b ) +^2A v ,v', 

v' 

for some integer z and some A v > G A", where the subscript v' runs over all the 
simple n-tensor such that its first (2/)-parts have symplectic length less than /. It 
follows that if J ^ Jo, then we are done. Henceforth, we assume that J = Jo, then 
d\ ^ do and 

vT*EiE 3 • ...E2/-1 - Oc ® Vb^-xE^a ■ ■■E 2f _ 1 , 

for some integer o. 
By (JSTTDJ), 

f = (S2/-1S2/-2 • • • S3S2XS2/-1S2/-2 • • • s 5Si) ■ ■ ■ 

(S2/-1S2/-2S2/-3S2/-4XS2/-1S2/-2) 

is a reduced expressed expression of djj" . By Lemma T5.121 for any d G Z>/, d is less 
or equal than do in the Bruhat order. It follows that there is a subexpression of a 
which is equal to a reduced expression of d . Combining this with the definitions 
of the operator /?' and the indices b, c, it is easy to see that 

(5.17) (v c (g> v b )T d -i = v c T d -i ®v h = C^d.doVcdo 1 <8> v h + B v ,v' , 

v' 

for some integer z G 1 and some B v > G K, where the subscript v' runs over all 
the simple rt-tensor Vj ± <£>■■■<£) Vj n such that there exists 1 < s < f satisfying 
J2s-i 7^ (j2s)'- Now using the fact that d\ / do, it is easy to see that (v c (g) 
v^Tj-iExEs ■ ■ ■ E 2f -i = 0. Hence, vT*EiE 3 ■ ■ ■ E 2f -i = 0, as required. □ 

We are now ready to prove the key lemma from which our main result in this 
section will follow easily. 



di,d 2 G V Vf , di ^ d d Jo , 

a G 6{ 2 / +lj ... :n y 



Lemma 5.18. Let S be the subset 

T 1 * TP TP TP T 1 

i dl- C/ l £/ 3 ' ' ' &25-\±oi-d-2 

of the basis J5.^[ ) 0/ Q3 n (— £ 2m+1 , £), and let U be the subspace spanned by S. Then 

bU) n( n ann K ® v <S) = bu+i) © u - 

heif 

Proof. By definition of If, £ s (vb) = 0. Hence £ s (vh <8 v c ) — f. It follows that 
£?(/+!) c ann(«b ®v c )- This, together with the Lemma T5. 151 shows that the right- 
hand side is contained in the left-hand side. 
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Now let x € n(Dbe/ ann(v b ® v c )) ■ We want to show that x G B^ f+1 ^>®U. 
Using the basis (|5.4[) of the BMW algebra <8„(— C 2m+1 , C)> we ma y assume that 

x = Tl^E.Es ■ ■ ■ E 2f _ 1 { ZdT d \ , 

where v = Vf = ((2-'), (n — 2/)) and the elements Zd, d € XV, are taken from the 
if -linear subspace spanned by {T^ | w G 6{2/+i.-- .«}}• We then have to show 
x = 0, or cquivalently, to show that Zd = for each <i £ 

Let d G D Vf . We write z d = J2 cre e {2f+1 } B a T a , where B a G K for each a. 
Suppose that v\,Zd — for any be/y. By the definition of //, it is easy to see that 

= v h z d = ^2 B a v h T a 

»eS{i/ + i,... ,„> 

<ree {2/+li ... ,„ } 

= v h ^2 B G T a . 

o-es {2 / + i,... ,„> 

However, since m — 2/ > n—2f, the Hecke algebra J%K(&{2f+i,-- ,«,}) acts faithfully 
on Vb- This implies B a — for each a g 6{2/+i.... , n }- Thus z,j = 0, as required. 
Therefore, to show that Zd = 0, it suffices to show that t>bZd = for any b G I/. 
We divide the proof into two steps: 

Step 1. We first prove that Zd d jQ — 0, equivalently, v\>z dodj = for any b G If. 
Let b G If. 

= (vb ® w c )a; = (« b ® v c) T d- lT d- lE ^ E 3 ' ' •E 2 f-iz d T d 

dev„ f 

= C J2 (v Co E 1 E 3 ---E 2f -- L ®v b )z d T d 
d&> Vf 

= C E (vco£l£ 3 "-£2/-l ®W b 2d)Trf, 

for some integer z G Z, where the third equality follows from (|5. 16|1 and (|5.17|) . 

By [101 Lemma 3.8], for each d G T> u , we can write d = d\dj, where d\ G "£>/, 
J G Vj, and = ^(di) + £(dj). Hence T d = T dl T dj . Therefore 

= ( v c„EiE 3 ■■■E 2f -i® v b z d ^T d 

d£T> u 

= E E ( v c EiE 3 ■ ■ ■ E 2f -i ® v h Zd ld jjT dl T dj 
JeVf dxev f 

= ^2 E ( v c EiE 3 ■ ■ ■ E 2f - 1 T dl ® Ub^didjJ 
We want to show that vt,z dodj = 0. Note that 

v Co E 1 E 3 ■ ■ ■ E 2f -i = ^2 ±C Qi «ii ® ® «i 2 ® ^ ® • • • ® Uij. <8> Vij, , 

l<ix <2m 

for some ai G Z. Note also that each simple tensor involved VbZ do d Jo has the 
same GL2 m -weight as w b - Let («i, • • • , i/) G I(2m, /). We claim that 
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(a) for any b,b E I(2m,n - 2/),j 6 I (2m, 2f) with WT(b) = WT(b) = 
WT(b) and £ s (j) = /, the simple n-tensor (v Co d <8> V£)dj is involved in 

if and only if (ji, j 2 , • ■ • ,J2/) = c do, J = and b = b; 

(b) for any d\ £ 6 2 / with di < do (in the Bruhat order), the simple (2/)-tensor 
v Co do is involved in 

(«»! ® UiJ ® «is ® «ij ® • • • ® U V ® v i' f ) T di 

if and only if (ij, i 2 , • ■ ■ , if) = ((to — / + 1)', • • • , (to — 1)', to') and d\ = do. 

Once these two claims are proved to be true, it is easy to see that the identity 
VhZdodj = follows at once. Therefore, it remains to prove the claims (a) and (b). 

Suppose that (v Co d ® v h)dj is involved in 

&ji ® v n ® ■ ■ ■ ® v l2f ® v b) T d.,- 

By definition, 

(v Codo ®%)dj = v^®v Coda . 
Let J = (ji,j 2 , ■ ■ ■ ,j2f)- Then 

(S2/S2/+1 ' ' ' S i2/ _i)(s 2 /-lS 2 / ' ' ' Sj^-l) • • • (s lS2 ■ ■ ■ Sj^l) 

is a reduced expression of dj. Note that 1 < j\ < ■ ■ ■ < j 2 f < 2f. If j 2 f / n, then 
the rightmost vector of any simple tensor involved in (u^ <E>vj 2 ®>- ■ • < X ) ' L j 2/ ® wg)Tdj 

must be a , which is impossible (because b n - 2 f < to — /). Therefore, we deduce 
that j2/ = ft. Let E be the set of all the simple n-tensor v which is involved in 

(% ® ^ 2 ® • ' • ® ® ^) T 2/r 2/+ i • • • r„_i. 

Note that 64 < to — / for each t. We claim that for each integer t with 1 < t < n—2f, 

In fact, if 1 < f < n — 2/ is the smallest integer such that b t = (j 2 fY, then the 
(2/ + t)th position of any simple tensor involved in 

(i£ ® t% <» • • ■ <8 , <8 ^)(T 2/ T 2/+ i • • -Taz+t-i) 

is a vector i> a with either a > (to — / + 1)' or a < (to — / + 1). It follows (from the 
definition of /?' and (15- 13(1 ^1 that the nth position of any simple tensor involved in 

(i^ ® ® • • • ® vj- 2/ ® w E )(r 2/ T 2/+ i • • • T n _i) 

is a vector u a with either a < to — / or a > (to — /)'. Since the action of 
(T 2 f-iT 2 f ■ ■ ■ r j2/1 _i) • • ■ (T\T 2 ■ ■ ■ Tjj-i) on any simple n-tensor does not change 
its rightmost vector, we deduce that wg ® v Co d can not be involved in 

(i£ ® ® • • • ® «j 2/ ® v E )(T 2/ T 2/+1 • • • T n _ 1 )(T 2/ _ 1 T 2/ • • • r^-j) 

• • • (TiT 2 • • • T n -i), 

a contradiction. 

Therefore, bt 7^ G/ 2 /)' for any 1 < t < n — 2/. It follows that u = ® ^ ® 
" ' ® ^2 1 ® u b ® u ?2/ * s u^l 116 simple n-tensor in E such that ® v c d is 
involved in 

v(T 2 f-iT 2 f ■ ■ ■ Tj^-i) ■ ■ ■ (T X T 2 ■ ■ ■ T h _i). 
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In particular, we deduce that ji f — ( c o<^o)2/ = m— f + 1. Now we are in a position 
to use induction on n. It follows easily that 

Ui,h, ■ ■ ■ , = (n - 2/ + 1, n - 2/ + 2, • • • ,n - 1), 

(ji, ' ' • ,hf-i) = ((corfo)i, • • • , (codo)2/-i), b = b. 

Conversely, by the definition of 0', (v CQ d <g v^)T c i Jq = (g Vc do- This proves the 
claim (a). 

We now turn to the claim (b). By Lemma 1 5. II and direct verification, it is easy 
to see that the simple (2/)-tensor v Co d is involved in 

(V( m _ f+1 y (g v m - f+ i <g V( m _ f+2 y ® v m -f +2 ® • • • <g v m i <g v m )T do . 

This proves one direction of the claim (b). Now suppose that the simple (2/)-tensor 
v CQ d is involved in 

(Vii ® (g Ui 2 ® t/^ <g • • • <8 u »/ ® i 

where (zi, • • • G /(2m,/), c?i £ 62/ with c?i < do (i n the Bruhat order). Then 
d\ has a reduced expression which is a subexpression of (|5.10[) . Hence we can write 
d\ = d! l d'{ 1 where d[ is a subexpression of 

(S2/-2S2/-1XS2/-4S2/-3S2/-2S2/-1) • • • (s 4 s 5 • • • S2/-2S2/-1), 
d'{ is a subexpression of S2S3 ■ ■ ■ S2/-2S2/-1, such that i(d\) = £(d[) + £(d'{). Then 

By definition of d[ , any simple tensor involved in 

(v h (g v Vi (g v i2 (g) Vi> 2 (g • • • (g u iy ® ^ipTd/ 

is of the form 

(g u^/ (g w ;i (g w/ 2 (g • • • (g w/ 2/ _ 2 , 

where 1 = (h, I2, ■ • • , hf-2) € /(2m, 2/ — 2) with 4(1) = / — 1. By assumption, we 
can choose one such simple n-tensor, say 

v [1] := v n (g (g v h (g v h (g • ■ • <g w/ 2/ _ 2 , 

such that f CO (io is involved in vT^- By definition of d", it is easy to see that 
ii = (to — f + 1)'. We claim that 

(bl) (h,l 2 ,-- - M}-2) = ((m-/ + 2)',(m-/ + 3)V- - ,m',m,--- ,m - f + 
3,m-/ + 2); 

(b2) d'l = S 2 S 3 ■ ■ ■ S 2 /_2S 2 /-1. 

If both (bl) and (b2) are true, then the claim (b) follows easily from induction on 
/. Therefore, it suffices to prove the two claims (bl) and (b2). 

Recall that codo = (( m — f + 1)', • • ■ , ( m — m> , m,m — 1, ■ ■ ■ ,m — f + 1). If 
l\ < (m — f + 2)', then (by (|5.13|) ~) the second position of any simple (2/)-tensor 
involved in v^T^ is always occupied by a vector v a with a < (m — / + 2)', which is 
impossible (because v Co d a is involved in vT^). Hence l\ > (m — / + 2)'. By similar 
reason, we can deduce that l\ can not be strictly bigger than (to — f+1)'. Therefore, 
h £ {(m-f+iy, (m-f+2)')}. Assume that h = (m-f+1)'. Then by (j5T3)) and 
the fact that £(V) = / — 1, it is easy to see for any simple (2/)-tensor Vk t (g • • • (g i>fc 2/ 
involved in v^Td>>, we have k t < m — f + 1 for some i > 3, a contradiction. This 
forces l\ = (m — / + 2)'. Repeating the same argument, we deduce that for any 
integer 1 < t < / — 1, l t = (m-f + t+ 1)'. Now since 4(1) = / - 1, it follows that 
{If, l f+1 , ■■■ , hf-2} = {(m - f + 1)', (to - / + 2)', • • • , (m - 1)'}. In particular, 

7^ to' for any t. Using the same arguments as before, we easily deduce that for 
each integer / < t < 2/ — 2, l t = to — t + f. This proves (bl). Now (b2) follows 
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immediately from (bl) and the fact that v Codo is involved in vT d ". This proves 
another direction of the claim (b), hence completes the proof of the claim (b). 

Step 2. Let 5" be the subset 

d 2 E V vv d 2 ^ d a dj . 



a G 6 



{2/+1, -,n} 



T>* TP TP Tp rp rp 

of the basis (JO} of <8„(-C 2m+ \ C), and let U' be the subspace spanned by S' . By 
the main results we obtained in Step 1, we know that 

bU) fl( n ann K ® c e J/ © u'. 

bei f 

We want to prove that 

B u) f]( P| ann(u b <g> u c )) C © [/. 

be// 

If this is not the case, then by Lemma T5. 151 

u> n bU] n ( n ann ( wb ® ^ °- 

be// 

Let E be the set of those c?2 £ 2?r// > such that there exist some 

s / Gl/ / f)BWf|anii !8B( _ ca » + i )0 (7® n ) ) d 2 G 2? v , a 2 G 6 {2/+1> ... , n} 
satisfying 

T>* TP T7< TP T 1 T 1 

d dj E l E 3 ■ ■ ■ -^2f-lJ-a 2 J-d2 

is involved in x'. We choose d 2 € S such that ^(d 2 ) is as big as possible. 

By the definition of [/', c2 2 ^ dodj . It follows from Lemma [5.121 that we can 
find an integer j with 1 < j < n — 1, such that d 2 Sj £ P y/ and £(d 2 Sj) = £(d 2 ) + 1. 
Let 

.t' g ^ , f|B^f|ann !BB( _ ca n. +ljC) (V® B ),4 G 2>„ /)ff2 G 6 {2/+1 ,..., n} 

such that TJ odj -E1.E3 ■ • • E 2 f^\T a2 T d2 is involved in cc'. We claim that there exist 
t G 6{2/+i,— ,n})^3 G ^V/ w i tri ^(^3) > ^(^2), such that 

T d dj E l E 3 ■ ■ ■ E 2 f-iT T T d3 

is involved in x'Tj. 
We write 

x' = A T^ odjo EiE 3 ■ ■ ■ E 2 f~iz d2 T d2 + 

A d' 2 ,« T d odjo E i E 3 ■ ■ ■ E 2 f-lT a T d ! 2 , 

o-es {2 /+i,... ,„> 

d 2 ^d' 2 £T> Uf 

e( d ' 2 )<£( d2 ) 

where ^ z d2 G JT-Span {T w \w G ©/2/+1,— ,n}}> ^cr 2 is involved in z d2 , ^ Ao £ 
K, A d > a E K for each d' 2l a. 

Note that T* odjo E 1 E 3 • • ■ E 2S . x z d2 T d2 T, = T* od jg E.E, ■ ■ ■ E 2f ^z d2 T d2Sj . It re- 
mains to analyze how each T^ odj E1E3 ■ ■ ■ E 2 j -\T a T d 'Tj is expressed as a linear 
combination of the basis elements given in Corollary 15.41 Our purpose is to show 
that TT j E1E3 ■ ■ ■ E 2 t-\T a JT d „ s . is not involved in each 

"0"Jq J £ £ 3 

Tr* TP TP TP T 1 T' T 1 

d a d Jo E\E z ■ ■ ■ &2f-l±<T± d2 ±j- 

We divide the discussion into cases: 
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Case 1. £{d' 2 Sj) = £(d' 2 ) + 1. In this case, T^Tj = r d / aj . We write d' 2 Sj = 
■^4^4, where W4 £ S^, and i u dn is row standard. Then £(w 4 dn) = £(11)4) + £{di). 
Furthermore, we can write T Wi = x^T w i , where 

x 4 e (Ti, t 3 , • • ■ , T 2 f-i), w' 4 e & v (2) . 

We have 

dodj^l^ ■ ■ ■ &2f-lJ-cr-Ld' 2 lj - 1 d dj E l E 3 ■ ■ ■ E 2 f^ 1 l cr l Wi l di 

E A 3 Tl djo E 1 E 3 ---E 2f _ 1 T ff T d4 (modB^ 1 '), 

ct66 w +i,--. ,«} 

for some 6 if, where the second equality follows from the fact that i^i-i^ai-i = 
r _1 i?2i-i for each i and [22l (3.2)]. Now we use [22l Proposition 3.7] to ex- 
press T dodj E1E3 ■ ■ ■ E 2 f-iT^Td 4 as a linear combination of the basis elements 
given in Corollary 15.41 Note that in the notation of [221 Proposition 3.7], it 
is easy to check (in all the three cases listed in [22 Proposition 3.7]) that u = 
S2jS2j+\S2j-\S2jW, £{u) < £(w),£(v) = £{w) — l,£(v') < £{w) — 1. It follows that 
each T dodj E1E3 ■ ■ ■ E 2 f-iT„T di can be expressed as a linear combination of the 
basis elements of the form 

where a" £ &{2f +!.-■■ .n}i d 2 € T> Vf , with either 

(1) £{d' 2 r ) < £(d 4 ); or 

(2) £(d() = £{di) and d A = zd'J, for some zell. 

Note that £{di) < £{d' 2 ) + 1 with equality holds only if d' 2 Sj = di. As a result, 
£{d! 2 ') < £{d 2 ) + 1. If e(d 2 ') < £{d 2 ) + 1, then d'J, ^ d 2 Sj and we are done. If 
£(d{) = £(d 2 ) + l, then £(d' 2 ) = £{d 2 ), £{d 4 ) = £{d' 2 ') = £(d' 2 ) + l and d' 2 Sj = d 4 = zd' 2 ' 
for some z € II. In this case we claim that d 2 ^ d 2 sj. This is true because 
otherwise we would deduce that d' 2 — zd 2 , which is impossible (since d' 2 ,d 2 are 
different elements in T> Vf ). This completes the proof in Case 1. 

Case 2. £{d' 2 Sj) = £(d 2 ) — 1. Then by Lemma f5TSl d 2 sj e V Vf . In this case (note 
that our Tj is C~ X T in [22] 's notation), by [21 Lemma 2.1], 

T d -T 3 = T 4s . + (C - C l ){T d > 2 + C^-'T^Ej). 

Therefore, 

T d d., E l E 3 ■ ■ ■ E 2f-lT a T d >Tj 

= T d d Jo E i E 3 ■ ■ ■ E 2 f-iT a T d > 2S . + ((- Q~ )T dodjo ExE 3 ■ ■ ■ E 2f ^ 1 T a T d > 2 
+ (C - C'K-^n^E.Ez ■ ■ ■ E 2 f^ 1 T a T d ' 2Sj Ej . 
By comparing their length, we see that d^Sj ^ {d f 2 Sj , d 2 }. Hence 

T* TP TP TP T T 

d dj E l E 3 ■ ■ ■ E 2 f-il a2 ld 2Sj 

is not involved in 

T d d., E i E 3 ■ ■ ■ E 2f-iT a T d > 2Sj + (( - C 1 )T dodjo E 1 E 3 ■ ■ ■ E 2 f-xT a T d > 2 . 

Note that d 2 Sj,d 2 G T> Vf imply that j,j + 1 are not in the same row of t v d 2 Sj. 
Combing this with [22l Lemma 3.4, 3.5, Proposition 3.3, 3.4], we deduce that 
T d d J( E i E 3 ■ ■ ■ E 2f-iTa 2 Td 2Sj is not involved in 

(C - C~ )C~ m ~ T d d Jo E i E 3 ■ ■ ■ E 2j-iT<jT d > 2Sj Ej, 
as required. This completes the proof in Case 2. 
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As a consequence, we can deduce that T^ )dj E\E 3 ■ ■ ■ i/ 2 /_ iT <J2 Td 2Sj is always 

involved in x'Tj. Note that x'Tj G (Dbe// ann ( w b ® u c )) and i{d 2 Sj) > 

£(d 2 ). We get a contradiction to our choice of d 2 . This completes the proof of the 
lemma. □ 

Theorem 5.19. With the above notations, we have that 

B«Pann Sn( _ C2m+1>C) (V®") C B^ +1 \ 

Proof. Suppose that 

s«f| ann!8 „ ( _ C2m+1>0 (y®") % bU +1 \ 

By Lemma \5. 181 we can find an element x in f?^) p| amii 8n (_^™+i ^ (l/®™) of the 
following form: 

.t = z + y, 

where z G S^ +1 \0 ^ y £ [/. 
We write 

?7 = ^ ^4d 1 ,d 2 ,o-7d' 1 £ , i-E3 • ■ ■ E 2 f-iT a T d2 , 

d\,d 2 ,<7 

where the subscripts run over all elements d\ , d 2 , o~ such that d\,d 2 G £V and 
<ii ^ dodj . Let £ be the set of those c?i G 2? v/ , such that there exist some 
x G nann< B7i( _ C 2 m+ i iC) (V"®"),(i2 G XV,cr G 6 {2 / + i,... ,„} satisfying 
T^^i^s • • • E 2f ^T a T d2 is involved in y. 

We choose G £ such that ^(di) is as big as possible. 

By definition of U, d[ ^ dodj a . It follows from Lemma [5.121 that we can find 
an integer j with 1 < j < n — 1, such that c^Sj G and £(d[sj) = t(di) + 1. 
Let a; G f| ann Bii (_ ( 2 m +i i() (V® n ) , d' 2 G £>„, cr' G 6 {2 /+i,... ,„} be such that 
T^EiEz ■ ■ ■ Ei S - X T a iT d ' 2 is involved in y. Note that 

T*z + T*y = T/x G f| anna B (_c»»+i,c) (^® n ), ^/z G 

Our purpose is to show that there exist some d 3 G 2?„, r G 6{ 2 /+i, ••• ,n}j such that 
TJ, s .E1E3 ■ ■ ■ E 2 f-\T T Td 3 is involved in T*y. If this true, then we get a contradic- 
tion to our choice of d[, and we are done. 
We write 

y = Aa^ExBk • • ■ S 2/ _ 1 T (7 ,T di + 

^ Ad 1 ,d 2 ,(jT di EiE 3 ■ ■ ■ E2f-iT a Td 2 , 

d\,d 2 £T> v ,d-L^d l: 
o-6S { 2/+l, -- ,n}, 

where 7^ A G X, Ad lt d 2 ,a G AT for each di,tf 2 G T> Vf ,a G 6{ 2 /+i, ...,„}• 

Note that TjT^EiE 3 ■ ■ ■ E 2f ^T a ,T d : 2 = T^.E^ ■ ■ ■ Ey^T^T^. Using the 
same argument as in the proof of Step 2 in Lemma 15.181 we can show that 

T d> lSj E i E 3 ■ ■ ■ E 2f-iT a 'T d ' 2 

is not involved in T*T di EiEj, ■ ■ ■ E 2 f-\T a Td 2 , as required. This completes the proof 
of the theorem. □ 

Proof of Theorem 11.51 in the case where m > n: It follows easily from Lemma 
15.61 Theorem 15. 191 and induction on / that 

an n2U _ c2m+liC) 0/®") =0. 
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This proves the injectivity of ipc, and hence ipc must map 2$„(— C 2ot+1 j C) isomor- 
phically onto Endu K ( sp ) (Vk™) m tn ^ s case - 



6. Proof of Theorem 11.51 in the case where m < n 

The purpose of this section is to give a proof of Theorem 11.51 in the case where 
m < n. Our strategy is similar to but technically more difficult than [101 Section 
4]. 

Let mo be a natural number with too > n. Let be a free ^-module of rank 
2mo. Assume that is equipped with a skew bilinear form (,) as well as an 
ordered basis \y\, V2, ■ • • , ^2m } satisfying 

1, if i + j = 2mo + 1 and i < j; 
(Vi,Vj) = ^ — 1, if i + j = 2mo + 1 and i > j; 
otherwise. 

For any ^-algebra K, we set Vr- := (8v K. Let C be the image of q in K . Let 
i be the ifdinear injection from Vk into Vk defined by 

2m 2m 

y^ kjVj i-> y^ fc t « t+mo ^ m , vfti,-",fe m 6if. 

i=l i=l 

Let 7r be the if-linear surjection from Vr- into Vr- defined by 

2mo 2m 
i=l i=l 

We set T := 7r := £ m °7r. We regard C as an jaZ-algebra by specializing q to 
1. As before, we identify Sp(Vc) with sp 2m (C) and Sp(Vc) with sp 2mo (Q- Then, t 
induces an identification of Sp 2m (C) with the Lie subalgebra of sp2 mo (C) consisting 
of the following block diagonal matrices: 

{diag( 0, •••,(), A, O^^O ) | Aesp 2m (C)}. 

(mo — m) copies (mo — m) copies 

Henceforth let K be a field which is an ^-algebra, we set 

fl:=sp 2mo (C), := S p 2m (C), V = V K , V = V K . 
The inclusion q C g naturally induces an injection 
Uq( 9 ) (fl) <-» Unj(g) (5) 

6^ 1 51 &i-\-mo — mj &i 1 ^ "i-fmn-mi ^-z 1 ^ ^HmQ-mi ^ — Lj 2, • • • , TO. 

By restriction, we get an injection U^(g) <^-> U^(g). By base change, we get a 
natural map Ur-(0) — » Ur-(0). If is easy to see that 

~«)2n ^^®2n^ U -ff ^ ^pr<g>2n^ U K(0) 

For each integer i with 1 < i < 2m, we define 



Vi, if 1 < i < to; 

(-l)'-™- 1 ^, ifTO+l<i<2TO. 
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Then the natural representation of Uq( 9 ) (g) on Vq/„-s is given by 



eiWj 



fiWj 



k m Wj 



Wi, ifj = i + l, 

w 2m +i-(i+i) , if j = 2m + 1 - i, e m Wj 
0. otherwise; 

w i+ i, ifj = i, 
w 2m +i-i, if j = 2m + 1 - (i + 1), / m iUj = 
0, otherwise; 



if j = i or j = 2m + 1 — (i + 1), 



fciWj = ^ q 1 u' :) ', if j = i + 1 or j = 2m + 1 



otherwise, 



quij, iij = m, 
q~ 1 Wj 7 if j = m H 
uij , otherwise 



if j = m + 1 , 
otherwise, 

w m+ x, iij = m, 
0, otherwise, 



where 1 < i < m - 1, 1 < j < 2m. By definition (cf. [301 (8-18)]), {wi} 1<i<2m is 
a canonical basis of the 1W 9 ) (g)-module Vq( 9 ) in the sense of [U]. Similarly, the 



natural Uq( 9 ) (g)-module Vqi(q) has a canonical basis { u; i} 1<i < 2m , such that 



fiWj = 



fmo W j — 



kiWj — 



Wi, ifj = i + l, 

W2m +i-(i+i)) ifj = 2m + l-i, 



0, 



otherwise; 



Wi+l, 


if j = h 




W2m + 1- 


i, if j = 2m + 1 - (i - 




o, 


otherwise; 




Wm , if 


j = too + 1, 




0, otherwise, 






if j = too, 




o, 


otherwise, 




qwj, 


if j = i or j = 2mo + 1 






if j = i + 1 or j = 2too 


+ 1- i, 


Wj, 


otherwise, 




qwj, 


if j = mo, 






if j = m + 1, 




Wj, 


otherwise, 





where 1 < i < mo — 1, 1 < j < 2too. Note that the subspace Vq( 9 ) spanned by 
ju>i| , . . , is stable under the action of the subalgebra Uof n i(fl)i an d it 



is canonically isomorphic to Uq( 9 ) (g)-module Vq 

For each integer i with 1 < i < 2m, we define w* E := Hom^V^, by 
«;*(«) = (w^ w), Vw E V^. Then {w*}^ is an ^/-basis of V£, and is a highest 
weight vector of weight E\. Furthermore, the map w\ i— > u>i can be naturally 
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extended to an U^/(g)-module isomorphism r : V£ = such that 

q 1 ~ l Wi, if 1 < i < m; 
q~ l Wi, if to + 1 < i < 2to, 

where the (g)-structure on is defined via the antipode S. In a similar way, 
we can define an .zZ-basis {tw*} 2 ™] of VJ, and an (g)-module isomorphism 
r : VjJ = ■ Let W be the free srf -submodule generated by 

Set V := Vc/ <8W if- Note that the algebra Uk{q) acts on V via the natural map 
Uif(g) —* Vk(q)- The resulting Uic (^-module V is naturally isomorphic to the 
natural Uft-(fl)-module V via the correspondence 

Wi H- > Wi- mo +m, for j = TOq — TO + 1, TO-o — TO + 2, • • • , TOq + TO. 

Recall our definitions of T, tt at the beginning of this section. We define a linear 
map Oo as follows: 

6 : End(y® n ) -» End(F® n ), 
/h-> (5r® n ) o/o (T* 8 ™). 
One can verify directly that 

e (End UjrC5) (y®")) CEnd UK(fl) (y®") - End Ujt(fl) (V®"), 

where the last isomorphism comes from the natural Ujf (g)-module isomorphism 
V = V. 

By Corollary the BMW algebra <& n {-q 2m+1 , q) has a basis 



Td ± EiE 3 ■ ■ ■ E2f-iT a Td 2 



< / < [n/2], A h n - 2/, a G 6 {2/+ i,... ,„} 
di.da G where 1/ := ((2^), (n - 2/)) 



The same is true for the BMW algebra 25„(— g 2mo+1 , g). To distinguish its basis 
elements with those of 5B n (— q 2m+1 , q), we denote them by 

T<* J? TP TP ry\ rp 

d 1 -C'l-C'3 ■ ■ • ^2/-l-t<j-id 2 ! 

where Ji,JSj are standard generators of Q3 n (— q ,2mo+1 , g). We define an ^-linear 
isomorphism 61 from the BMW algebra 5B n (— q 2m o+ 1 : q)^ to the BMW algebra 
58n(-2 2m+ \c?W as follows: 

0! (f d * S x £ 3 • • • £ 2 /-iT CT T d2 ) = q( m °+ m )»TlE 1 E 3 • • • E 2f ^T a T d2 , 

for each < / < [n/2], Ahn - 2/, s, t G Std(A) and di, c?2 G XV/- By base change, 
we get a X-linear isomorphism «B n (-C 2m ° +1 , C) = ®n(-C 2m+ \C), which will be 
still denoted by 0i. 

By the main result in last section, we know that the natural homomorphism tpc 
from Q3„(— C 2m ° +1 , C) to ^ n< ^0 K (sp 2mo ) ((F)®™) is always an isomorphism. There- 
fore, in order to prove Theorem 11.51 fin the case where to < n), it suffices to prove 
the following lemma. 

Lemma 6.1. With the notations as above, 
(1) the following diagram of maps 

E„(-C 2mo+ \0 - ?2 - End Ulf(5) (V® n ) 



0! 



»n(-C 2m+1 ,0 End Ufc(g) (^ 
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is commutative; 
(2) the map 

6 : End 

is surjective. 



Vk(b) 



End, 



k(b) 



The remaining part of this section is devoted to the proof of Lemma 16.11 The 
proof of Lemma [III] (2) is almost the same as [THl Section 4], which we just sketch 
here. First, we note that the following diagram of maps 



End 



End 



Vk(b) 



is commutativ^l. Note that (by the theory of tilting modules) 



I y®2n\ 



Eik W(b)( 

* K S (V® 2 ") 



- End u ^ (B) | 

Therefore, to prove Lemma [BTTT 2). it suffices to show that 
equivalently, to show that 



y®n 

tU( B ) 



Vk(b) 



K. 



(6.2) 



2n( fytg>2n\^^(s)\ _ / T/ ®2n^U^(g) 



Let M := (%,,))® 2n . By gU (27.3)], the U Q((j) (fl)-module M is a based module. 
There is a canonical basis B of M, in Lusztig's notation ( j411 (27.3.2)]), where 
each element in B is of the form w^ow^o ■ ■ ■ owi 2n , and u^o • • • owi 2n is equal 



to Wi 



Wi 2rl plus a linear combination of elements Wj 1 



® w 79 „ with 



^ ■ 



jitij^) < (tOti, ■ • ■ , uii 2n ) and with coefficients in v 1 Z[u 1 ], where " < 
is a partial order defined in [41, (27.3.1)]. In particular, B is an .a^-basis of V 
By gH (27.2.1)], there is a partition 

B= u s w- 



Let 



B[^0]:= □ B[A], M[^0U:= £ s/b. 
By [U (27.1), (27.2)] and the discussion in [TU1 Section 4], we know that the iso- 



morphism (r- 1 )® 2 " :V® 2n 



®2n 



(V^ 2n )* induces an isomorphism 



V. 



®2ra\Ur/(fl) 



Vf n /M& 0] 



si 



All the above have a counterpart with respect to V , which we will just put the sym- 
bol Therefore, we have the notations M := (VQ( g ))® 2 ™, B, Wi^w^o- ■ •ow)i 2n , 
M[^= 0]g?, and we also have an isomorphism 



®2n\Urf(g) 



(v5 2n ) 



vT n /My= o] 



This is the point where we have to use the isomorphisms it, l instead of 7r, i. 



oO 
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Lemma 6.3. With the notations as above, the following diagram of maps 



> V^ 2 "/M[^0U 



is commutative. In particular, we have 

Proof. This follows from direct verification. 

Therefore, to prove (|6 . 2[) . it suffices to show that 



- V. 



S>2« 



t /(g>2n 



□ 



(6.4) 
Let 



J := • • • ,z 2 „) € I(2m,2n) w h o ■ ■ ■ ow i2n G B[0]|, 
o := • ■ • ,«2n) € 7(2m ,2n) u> n o- ■ G S[0]|. 

Lemma 6.5. ([TU1 Corollary 4.5]) With the above notation, the set 



Jt 



{w h ® ■ ■ ■ <g> w i2n + OU (h 
forms an -basis of V^ 2n /M[=£ OU, and the set 



8-®< OU 



n) G Jo} 
n) G J | 



/orms an ,c/-&asis ofV^ 2n /M[^ OU- 
We set 

J [w - m] := |(m - m + ii,--' ,m - m + i 2n ) (h, ■ ■ ■ ,«2n) G J }. 
Theorem 6.6. M^it/i the above notation, Jo[ m o — to] C J . 

Proof. This is proved by using the same argument as in the proof of [101 Theorem 
4.7]). ' □ 

Now Lemma [63] and Theorem HOI imply that I® 2 ™ maps V^ 2n /M[^ OU onto 
an ^-direct summand of V® 2n /M[^ QU :t follows that 

(T? 2n )*((V® 2n /M& OU)*) = (V® 2n /M&0U)*, 

which proves (|6.4p . This completes the proof of Lemma T6.1 I (2). 

It remains to prove Lemma l6.il (1). From now on and until the end of this paper 
we shall set, for any integer i with 1 < i < 2mo, 

i := 277io + 1 — i. 

Note that both 0o and 8i are in general not algebra maps. Let / be an integer 
with < / < [n/2]. By definition, 

Q x (e x E s ■ ■ ■ E 2f A = C( m °+™)"£ 1 £ 3 • • • E 2f _ 1 . 
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Therefore, 

^ c ei(£i£ 3 • --Eif-i) = C (mo+m) >c(i?i^3 • ■ -Ekf-i) 

= C (mo+m) >c(£i)<M£ 3 ) • ■■<Pc(E 2f - 1 ) 
= &o(vc(Ei)<pc(E3) ■ ■ ■ (p c (E 2 f 
= ©o^c (^EiE 3 ■ ■ ■ E 2 f-ij , 

where the third equality follows from the fact that different <pc(E2i-i) acts on 
pairwise non-intersected positions. 

Let a G 6{2/+i,... ,„}) v '■= ((2^), (n — 2/)), di, c?2 £ f v Our purpose is to show 
that 

ipc@ i(t^EiE3 ■ ■ ■ E 2 f-iT a Td 2 ^J = Q Q ipc (t^EiE 3 ■ ■ ■ E 2 f-iT a Td 2 ^J . 

Equivalcntly, 
(6-7) 

ipc{T* dl E x E s ■ ■ ■ E 2f ^T a T d2 ) = C^^Qo^PciTlE.Es ■ ■ ■ E 2f ^T a T d2 ). 
We divide the proof into four steps: 

Step 1. We want to prove that ipc®\(Tiij^ = ®oipc (t w ^J for any w G & n . 
We set 

I (2m, n) = {i G I (2m, n) | m a — m + 1 < i t < m + m for each t}. 
Note that, by definition, 6i (tJ) = ((™o+m)n Tw for each w g Hcnce it sumccs 
to show that for any w G © n , 

(6.8) ^ c = c (mo+m) "e ^c . 

Let w G 6 n , 1 < k < n — 1, such that £(wsk) — £(w) + 1. Let i G /(2m, n), 
j G I(2m n ,n), such that is involved in v\T WSk . We claim that 

(A) for any 1 G I(2m ,n) such that «i is involved in v\T w and Vj is involved in 
viTfc, if Ik — (Zfe+i)', and m — m + 1 < 4 < m n + m whenever b ^ k, k + 1, 
then Zfe > mo — m + 1. 
If = 0, there is nothing to prove. Assume £(w) = a > 1. We fix a reduced 
expression of w as follows: 

W Sq 1 Sq 2 • • • Sq a . 

We set q a+ i = k. By assumption, v\ is involved in • • • T qa . It follows that 

there exist 

jloijW... ,j[-+i] G J(2mo,n) 

such that 

(1) j[0] =iJ [a] =1J [a+l] =j; 

(2) for each integer 1 < t < a + 1, Uj[ t ] is involved in v- J [t-i]T qt . 
For each integer 2 < t < a + 1, we set 

Wt ■— S qi Sq 2 ■ ■ ■ S qt l . 

For any integer t with 2 < t < a + 1, we define 

A t := ]T (&K" 1 . St := E ( & K -1 . 

l<fc<n l<b<n 
1 <^'^* ^mo-m+l mo+"i<j[ t ^<2mo 

C t := A* -A. 
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We claim that 

(6.9) 0<C 2 <C 3 < ••• <C„+i. 

Recall by definition that T Sqt acts only on the (qt, qt + 1) positions of the simple 
tensor t)s[t-i] in the same way as the operator /?' acts on v .[t-i] <S>v.[t-i] . To compare 

3qt ^gt + i 

C t with C t +i, it sufhees to check the simple tensors involved in 

(v.[t-i] ® U.[t-i] )/?'. 

\ J9t " / <It + 1 / 

By the explicit definition of the operator /?', we need only consider the following 
six possibilities: 

Case 1. {jq^ 1 \jq~+}dq},jf t+1 } C { m - m + 1 , m - m + 2, • • • ,m + m}. In this 
case, it is clear that Ct — C't+i- 

Case 2. ? Then we have either (j^ , = {j^, jq*}) or 

(4t _11 >4!+i) = (4* >4t+i)- In both cases ' we sti11 get that Ct = Ct + i - 

Case 3. = ( 

4t+i ) > m o + m - Then we must have 

j£ ] = CjS+O ' < < - m + 1. 

In this case, since 

{lt)s~t = qt + 1, (ft + l)^ 1 = ft, 

4t+i > 4* < m o - m + !. 4!" 11 -4! 1 +i > m ° + m - 

and (^)s^ 1 = b for any 6 ^ {q t , q t + 1}, it follows easily that C t = C t +i- 
Case 4. m - m + 1 < j [ q^ 1] = (4t+i)' < m + m, and 

4* t ] = (4! ] + i)'<-o-m + l. 
In this case, since £(w t s qt ) — £(w t ) + 1, it follows that 

(«t)«>t+i = + i)^ 1 > (ft)™* -1 = (ft + l)u> t +V 
and (^)s^ 1 = b for any 6 ^ {ft, ft + 1}, it follows that 

c t+ i = c t + ((ft)^-+i - (ft + 1K+1) > c t . 

Case 5. jt 1] = (41+1 1 )' < mo - m + 1, and (jT 11 , * j2 +1 ). In this 

case, we must have jq} — (4t+i)'- Since £(w t s qt ) = £(w t ) + 1, it follows that 

(ft) w r+i = (ft + ^r 1 > (ft)^r 1 = (ft + i)«>i+V 

and (fc)s^ 1 = b for any 6 ^ {g t , g t + 1}. If j q } > m + m, then it is clear that 
C t = C't+i; if jq} < mo - m + 1, then 

Ct+i = c t - ((ft)^r 1 - (ft + + ((ft)^r+i - (ft + iK'+i) > C*; 

if m — m + 1 < jq} < m + to, then 

c t+1 = c t - ((ft)^r 1 - (ft + iK _1 ) > c t . 

Case 6. j [ q~ 1] = (4*+i)' < m - m + 1, and (4t _11 >4!+i) = (4* - 4*+i) ■ Sincc 
£(w t s qt ) = £(w t ) + 1, it follows that 

(ft)™t+i = (ft + > (ft)™*" 1 = (ft + l)«>i+V 
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and (bjSg^ — b for any b ^ {q t , qt + 1}- Therefore 

C t +i = C t - ((gt)^ 1 - (ft + IK" 1 ) + ((ftM+i - (n + l)v)t+i) > 

as required. This proves our claim (|6.9p . 

Since ^(iy 0+ iSfc) = l{w a+ x) + 1, it follows that < (fc+l)w~ +1 . Now 

suppose that < mo — in + 1. Then by our assumption on 1, it is easy to see that 

C a+1 = - (* + lK|i < 0, 

which contradicts to (|6.9p . It follows that Ik > mo — m + 1. This completes the 
proof of our claim (A). 

Now we use induction on t[w) and the results (A) to prove our claim (|6.8p . If 
£(w) = 0, there is nothing to prove. Let w = usk with £{w) = £(u) + 1. Suppose 

ip c (t u ^ = C _(mo+m) "6o<i£'c (^u) • Then for each i € 7(2m, n), we can write 

«lf„ = t® n («|-m +mr u )+ ^ Ai,it;i, 

l6/(2m ,n)\f(2m,n) 

where A\ \ G if for each 1, and 

i — mo + m := (ii — mo + m, • • • , i„ — mo + m). 

Therefore, 

UiT„ = ^® n (wi_ mo+m r u )^f fc + Amf k . 

\eI(2m .n)\T(2m,n) 

Note that A\,\ ^ implies that v\ is involved in UiT u . 

We claim that tt®" (uilfe) = whenever A^\ ^ 0. In fact, by the definition of /?' 
and the fact that 1 £ I(2mo,n)\I(2m,n), it is easy to see that Tr® n (v\Tk) ^ only 
if Ik = (lk+i)' < ttiq — m + 1 and mo — rn + 1 < lb < mo + m whenever b ^= k, k + I. 
Applying our result (A), we know that this is impossible. This proves our claim. 

Note also that 



t® n {v- 1 . mo+m T u )jT k = i® n {v- 1 . mo+m T u T k )+ A li v i> 

jeI(2mo,n)\T(2m,n) 

where A[ j G K for each j. As a consequence, we get that 

(g}n / rp \ rp 

I ^i-^w I t'i — m Q-\-m-L w ' 

Equivalently, <pc(rjj = C~ (mo+m)n e ^c (^) , as required. This completes the 
proof of our claim (|6.8p . As a direct consequence, it is easy to see that for any 



a £ S{ 2 / + 1,... ,„}, 

(6.10) vc®x(e x Ez •••£ 2/ _ 1 T (r ) -e ^c(SiS 3 ---^ 2/ _iT o 
S'tep I?. We claim that for any di G P y/ , 

By definition, 9i (f^ife ■ • • E 2f ^f^ = ^o+m)n T *^ ElE3 . . . ^ 2/ _ lTff . There- 
fore, our claim is equivalent to 

(6.11) pcfaEiEk ■ ■■E 2f _ 1 T (T ) = C^^eo^c^EiEa ■ ••S 2/ _ 1 f (7 ). 
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By ([HUPP , for any i 6 T(2m,n), 

le/(2m ,n)\f(2m,n) 

where Ay E if for each 1. 

To prove (|6.1ip , it suffices to show that 

(6.12) £ s (h,-- ■ ,hf) < f whenever A M + 0. 

It remains to prove (|6.12[) . By [TU1 Lemma 3.8], we can write d\ = d\\dj, where 
d u eV f ,J G Vf. Then, 

1 d 1 - 1 d., 1 d 11 - J-d-^d^ 1 - 

Since dj^ £ 6 2 /, the action of T d -i does not change the symplectic length of 
the first (2/) parts of any simple n-tcnsor. Therefore, using (|6.8p . we can assume 
without loss of generality that du = 1, and hence d\ — dj € T> (2/,«-2/)- With this 
assumption, we claim that 

(6.13) Vl Tl = L® n (v^ mo+m Tl)+ J2 AW 

leI(2m ,n)\T(2m,n) 

where A\ \ € K for each 1, and j4.i i ^ only if 

{h, ■ • ■ , hf} f]{mo + m + l,m + m + 2, ■ ■ ■ , 2m Q } = 0, 

and either l\ or l 2 belongs to {l, 2, • ■ • , too — to}. If this is true, then it is clear that 
A ; ,i ^ only if t 8 (\) < f and hence (pTT2jl follows. 

Let J = (ji, j 2 , ■ ■ ■ ,32})- Then 1 < ji < j 2 < ■ ■ ■ < j 2 f < n. By Lemma[521 

(S^-I ■ ■ • S 2 Sl)(Sj 2 _i ■ • ■ S3S2) ' ■ ' (Sj 3/ -i-l ■ ' ' S2fS 2 f-l){Sj 2f -l ■ ■ ■ S2/+1S2/) 

is a reduced expression of dj. If / = 1, then 

f^ = (f il _i-..f 2 f 1 )(f A _ 1 ...f 3 f 2 ). 

In this case, suppose that fi is involved in ViTJ , where i £ I(2m,n). Then, there 
must exist 

- ,1^+^-3] el(2m ,n) 

such that 

(1) lM = i, llil+A-S] = 1; 

(2) for each 1 < t < j\ — 1, v^t] is involved in v- 1 (Tj 1 ^i ■ ■ ■ Tj 1 ^ t +iTj 1 -t)', 

(3) for each ji <t < 31 + 32 — 3, v^t] is involved in 

Wi(Tji-i • • • T 2 Ti){T n -i ■ ■ ■ Tjz-t+hTji-t+jx-i); 

(4) for each 1 < t < j\ — 1, w^t] is involved in v^t-i] Tj 1 -f, 

(5) for each ji < t < ji + 32 — 3, %*] is involved in V\[t-i]Tj 1+ j 2 - t -i- 

Now suppose 1 € I(2mo,n) \ I(2m,n). If there exists an integer 1 < 6 < ji such 
that 

too - m + 1 < £3 = < -0 + m, #U = (iSUi)' < mo - m + 1, 

then we choose such a 6 which is maximal. By (|5.13p . we have h = < 
too — to + 1 and ^2 < iK 1 1 < too + to. If there does not exist such a 6, then there 
must exist an integer ji < c < j\ + 32 ~ 3 such that 

-0 - - + 1 < l^ 2 _ c _ x = {l^U < TO + TO, 

4 1 + .-c- 1 =(^ +J2 - C )'<-0--+1. 
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We choose such a c which is maximal. By (|5.13[) . l 2 < too — m + 1. The non- 
existence of b implies that mo — m + 1 < l\ < mo + m. This proves our claim in 
the case / = 1. 

Now we assume that / > 2. We use induction on n — 2f. If n — 2/ = 0, then 
dj = 1, there is nothing to prove. We set 

dj = (s 2 f-lS 2 f ■ ■ ■ Sj 2/ _ 1 _ 1 )(S 2 /-2S2/-1 • • • Sj 2f _ 2 -l) ■ ■ ■ (S]S 2 ■ ■ ■ Sji-l). 

Then dj 1 = dj (sj 2/ _i • • ■ s 2 /+is 2 /) and 

^ 1 )=£(d7 1 )+j 2/ -2/. 

If J2f < w — 1, then dj G 2?(2/,n— l— 2/) ; an d we are done by induction hypothesis. 
If J2/ = then by induction hypothesis, we have 

Ui f| j = t ®»( Ui _ mo+m T| j )+ £ 

\eI(2m ,n)\T{2rn,n) 

where B- lt \ G i-T for each 1, and B^i ^ only if 

(1) mo — m + 1 < l n < mo + m; and 

(2) {Zi,-- - ,Z2/}n{ TO o + ?"+l,^o + TO + 2,--- ,2m } =0; and 

(3) either l\ or l 2 belongs to {l, 2, ■ • ■ , mo — m}. 

It remains to check the simple tensors involved in v{r n -\T n — 2 ■ ■ -T 2 f as well as in 
i® n (vi_ mo+OT Ti )T n _iT n _2 • ■ • T 2 f, 

Since the action of T n _iT„_ 2 ■ ■ ■ T 2 f does not change the first (2/ — 1) positions, 
it follows from (|5.13[) and the fact mo — m + 1 < l n < mo + m that 

ufi/(2mo,Ti) 

where B' iu G K for each u, and B- 1VL ^ only if 

{%!,-■■ ,m 2 /} P|{"^o + m+l,TOo+ni + 2, ■•• , 2m } = 0, 

and either u\ or u 2 belongs to {l,2, • • • , too — to}. By the same reason, we can 
deduce that 

where £?;" u G X for each u, and B[ u ^ only if 

{tti, • ■ • , it 2 /} P|{»^o + m + 1, m + m + 2, • • • , 2m } = 0, 

and either u\ or u 2 belongs to {l,2,--- , Too — m}. This completes the proof of 
(|6.13p . and hence the proof of (|6.11[) . 

Step 3. We want to show that for any d 2 G T> Vj , 

^61(^^3 ■ ••^ 2/ _if CT f d2 ) = ® Wc (ex% ■ ■ ■ E 2f ^f a f d2 y 

As before, it is equivalent to show that 

(6.14) <p c (E x Ez ' ■ •-B 2 /-iT tr T d2 ) = C (mo+m) "e ^c(£iS3 • ••S 2/ _ 1 f a f d2 ). 

Recall that y®" has a basis consists of all the simple n-tensors Vi, where i G 
/(2mo, n). We ordered the elements of this basis as X\, X 2 , • • • , X/ 2mo ^n such that 
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the subset {Xi,X 2 ,--- ,X (2m) »} is a basis of t ® n (F®"). With this ordered ba- 
sis {Xi, ■ ■ ■ , X(2m ) n } m niind, we identify End_R-(y® n ) with full matrix algebra 
M(2mo)™x(2mo)™(^)j an d identify the homomorphism 

■ (®„(-C 2mo+1 ! C))° p -> End^(V®") 

with a homomorphism 

<Pc ■■ (5Bn(-C 2mo+1 ,0)° p - M (2mo) „ x(2mo) „(^). 
We claim that for any x £ Q5 n (-C 2roo+1 , 0), 

(6.15) <pc(x*) = (<pc(x)) f , 

where ((pcix))* means the transpose of the matrix ipc(x), and " * " denotes the 
algebra anti-automorphism of 58 n (— ( 2m ° +1 , £)) defined in Section 5. 

In fact, by direct verification, it is easy to see that for each 1 < i < n — 1, both 
tpc(Ti) and ipc(Ei) are symmetric matrices (with respect to the above ordered 
basis). Since 25 n (-( 2mo+1 , C) is generated by Ti,Ei,i = 1, 2, • • • , n — 1 and y>c is 
an algebra homomorphism, the claim (|6.15[) follows immediately. 

The above argument applies equally well to V® n . For each integer i with 1 < 
i < (2m)", let Y t := tt®"(X 4 ). Then, {Y u ■ ■ ■ , Y {2m) n} is a basis of V® n . With the 
ordered basis {Y\, • • • , Y( 2m )n} in mind, we identify Endif (V®™) with full matrix 
algebra M(2 m )»»x(2m) n (-^0> an( i identify the homomorphism 

■ 08n(-C 2m+ \C))° p -> End K (V®") 

with a homomorphism 

: (»n(-C 2m+1 ,0)° P - M(am)»x(2m)»W- 

As before, for any x e Q5„(-C 2m ° +1 , C))> we have ¥>c(z*) = (<^a(^)) • 

We define a linear map Q' from M( 2TOo )n x(2mo )«(lf) to M ( 2 m )» X ( 2m )»(if) as 
follows: for any M € M(2m )"x(2mo)"(^); ®o(-&0 ^ s the submatrix of M in the 
upper-left corner, obtained from M by deleting the last (2mo)" — (2m)" rows and 
the last (2mo)™ — (2m)™ columns. Then, it is clear that 

(6.16) 6' (M*) = (e^(M))*. 

With the ordered bases {Xi,X 2 , - ■ ■ ,I( 2mo )»} and {Yi,--- , Y( 2m )n} in mind, it 
is easy to check that we can identify the linear map 80 as the restriction of 
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Applying fB35]) . and (pTT|) . we get that 

r (mo+ro) "e ^c(^i^3 • ■■E 2f _ l T a T d , 
= &' <pc(e x Ez ■ ■ ■ E^^Tjf^ 

= Q' Qt f C {(TlE x E 3 ■ ■ ■ £ 2J _!7U)*) 
= Q'MyciTl^Ek ■ ■ ■ Eaf^f^y) 
= (& Q <p c (T2 a EiE 3 .--E 2f - 1 T tr 



— (^Pc(r d2 E 1 E 3 ■ ■ ■ E-if-\T a - 

= Vc((TlE 1 E 3 ---E 2f _ 1 T (T -i) 
= ip c (^EiE 3 ■ ■ ■ E 2 f-iT a T d ^j , 
as required. This completes the proof of (|6.14p . 

Step 4- We are now in a position to prove (|G.7[) . Let i € I(2m, n), a € 6{ 2 /+i,--- , n }> 
v := ((2-^), (n — 2/)), di,d,2 6 2?„. It suffices to show that 

VjT^EiEs ■ ■ ■ Eif-xfo-Tfa — L tg " n (vi- mo+m T di EiE 3 ■ ■ ■ E2f-iT lT T c [ 2 ) 

je/(2m ,ri)\f(2m,n) 

where j S A' for each j . 
By dSiU), 

l£l(2m ,n)\T(2m,n) 
ts(h,- ,hf)<f 

where A\ \ € K for each 1. Therefore, 

ViT^EiEa ■ ■ ■ E2f-\T a Td 2 — i® n (vi- mo+m T*iJ EiE 3 ■ ■ ■ A 2 /-iT , cr T ( j 2 . 
Now we use (|6.14l) . it follows that 

i®™(wi_ mo+m TJ 1 )AiA 3 • ■ ■ E2f-\T a Td. 2 



L® n (v i - mo+m TlE 1 E 3 ---E 2 f- 1 T rJ T d2 )+ Y, 

j£l (2m ,n)\7(2m,n) 



where A[ j G A for each j, as required. This completes the proof of (|6.7p . Hence 
we complete the proof of Lemma I5TT1 (11. 
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